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Introduction 

In recent two decades, the field of applications of explicitly solvable models of 
quantum mechanics based on the operator extension technique has been expanded 
considerably. New scopes are presented e.g. in the Appendix by P. Exner [56] 
to the second edition of the monograph [6], in the monograph by S. Albeverio 
and P. Kurasov [9], and in the topical issue of the Journal of Physics A [44]. 
A review of papers dealing with the theory of Aharonov-Bohm effects from the 
point of view of the operator methods is contained in [65, 103]; new methods 
of analyzing singular perturbations supported by sets with non-trivial geometry 
are reviewed in [58]. In addition, one should mention the use of such mod- 
els in the quantum field theory [70, 80], including string theory [86], quantum 
gravity [123], and quantum cosmology (see S. P. Novikov's comment in [74] to 
results from [73]). Here the two-dimensional 5-like potential, which is a point 
supported perturbation, is of considerable interest because in this case the Dirac 
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5 -function has the same dimension as the Laplacian, and this property leads to 
an effective non-perturbative renormalization procedure removing the ultravio- 
let divergence [40, 82, 83]. Another peculiarity of the two-dimensional case - 
so-called dimensional transmutation - was observed in [39, 41]. The operator ex- 
tension technique allows to build "toy models" which help better understanding 
some phenomena in various fields of mathematics and theoretical physics; as typ- 
ical examples we mention here the spectral theory of automorphic functions [32] 
or renormalization group theory [3]. This technique is applicable not only to self- 
adjoint operators, it can be used, e.g. in investigating dissipative and accumulative 
operators as well [85]. 

Very important applications of the operator extension theory have been found 
recently in the physics of mesoscopic systems like heterostructures [72], quantum 
graphs [90,91,93, 106] and circuits [1], quantum wells, dots, and wires [81]. It 
should be stressed that in this case, the corresponding results are not only of qual- 
itative character, but allow to give a good quantitative explanation of experimental 
data (see e.g. [28, 79]) or explain some discrepancy between experimental data 
and standard theories [29]. 

Among the most popular ways of using singular perturbations in the physics 
literature one should mention first of all various renormalization procedures in- 
cluding the Green function renormalization and cut-off potentials in the position 
or momentum representations (see [6] and an informative citation list in [110]). 
Berezin and Faddeev [20] were first who showed that the renormalization ap- 
proach to singular perturbations is equivalent to searching for self -adjoint exten- 
sions of a symmetric operator related to the unperturbed operator in question. 
At the same time, the mathematical theory of self-adjoint extensions is reduced 
as a rule to the classical von Neumann description through unitary operators in 
deficiency spaces, which makes its practical use rather difficult. In many cases 
self -adjoint operators arise when one introduces some boundary conditions for a 
differential expression (like boundary conditions for the Laplacian in a domain), 
and it would be useful to analyze the operators in terms of boundary conditions 
directly. Such an approach is common in the physics literature [15,45]. In the 
framework of the abstract mathematical theory of self-adjoint (or, more generally, 
dissipative) extensions this approach is widely used in the differential operator 
theory (see e.g., [53,71,75] and the historical as well as the bibliographical com- 
ments therein). Moreover, there is a series of quantum mechanics problems related 
to the influence of topological boundaries, and in this case the above approach is 
the most adequate [13]. 

On the other hand, Berezin and Faddeev pointed out that the standard ex- 
pressions for the Green functions of singularly perturbed Hamiltonians obtained 
by the renormalization procedure can be easy derived from the so-called Krein 
resolvent formula [20]. In the framework of the theory of explicitly solvable mod- 
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els with an internal structure, an elegant way to get the Krein resolvent formula 
with the help of abstract boundary conditions has been proposed by Pavlov [111] 
(see also [2]), which was applied to the study of numerous applications, see 
e. g. [61,94,99, 102, 112]. A machinery of self-adjoint extensions using abstract 
boundary condisitons is presented in a rather detailed form in the monograph [71], 
but only very particular questions of the spectral theory are adressed. A system- 
atic theory of self-adjoint extensions in terms of boundary conditions, including 
the spectral analysis, was developed by Derkach and Malamud, who found, in 
particular, a nice relationship between the parameters of self-adjoint extensions 
and the Krein resolvent formula, and performed the spectral analysis in terms of 
the Weyl functions; we refer to the paper [49] summarizing this machinery and 
containing an extensive bibliography. 

Nevertheless, one has to admit that the spectral analysis of self-adjoint exten- 
sions in such terms is a rarely used tool in the analysis of quantum-mechanical 
Hamiltonians, especially for operators with infinite deficiency indices. On the 
other hand, the authors' experience show that the application of the Krein resol- 
vent formula in combination with the boundary values for self-adjoint extensions 
can advance in solutions of some problems related to the applications of singular 
perturbations [30,34,35]. Therefore, it is useful to give a self-contained exposi- 
tion of the abstract technique of boundary value problems and to analyze some 
models of mathematical physics using this machinery. This is the first aim of the 
present paper. 

Using the Krein resolvent formula, it is possible often to reduce the spectral 
problem for the considered perturbed operator to a problem of finding the kernel of 
an analytic family of operators - so-called Krein ^-function - with more simple 
structure in comparison with the operator in question. Therefore, it would be 
useful to find relations between various parts of the spectrum of the considered 
operators and the corresponding parts of the spectrum of =S-functions. The second 
aim of the paper is to describe these relations in a form suitable for applications. 
Using the corresponding results, we obtain, in particular, new properties of the 
spectra of equilateral quantum graphs and arrays of quantum dots. Of course, 
we believe that the technique presented here can be used to analyze much more 
general systems. It is worth noting that this problem was considered in [24], 
but the main results were obtained in a form which is difficult to use for our 
applications. 

In Section H] we describe the machinery of boundary triples and their appli- 
cations to self-adjoint extensions. The most results in this section are not new 
(we give the corresponding references in the text), but we do not know any work 
where this theory was presented with complete proofs, hence we decided to do it 
here. We also relate the technique of boundary triples with the so-called Krein 
^-functions and F-fields. Some of our definitions are slightly different from 
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the commonly used ones (although we show later that the both are equivalent); 
this is motivated by applied needs. We conclude the section by several examples 
showing that the machinery of boundary triples include the well known situa- 
tions like singular perturbations, point perturbation, hybrid spaces. Section [2] is a 
summary of a necessary information about the spectra and spectral measures of 
self-adjoint operators. In Section[3]we provide the spectral analysis of self-adjoint 
extensions with the help of the Krein ^-functions. In particular, we analyze the 
discrete and essential spectra, and carry out a complete spectral analysis for a 
special class of ^-functions, which includes the recently introduced scalar-type 
functions [5]; these results are new. Using these results we analyze two classes 
of quantum-mechanical models: equilateral quantum graphs and arrays of quan- 
tum dots, where we perform the complete dimension reduction and describe the 
spectra of continuous models completely in terms of the associated tight-binding 
Hamiltonians. Section |4] is devoted to the study of isolated eigenvalues of self- 
adjoint extensions and generalizes previously known results to the case of opera- 
tors with infinite deficiency indices. 

The second named author, Vladimir Geyler, passed away on April 2, 2007, 
several days after the completion and the submission of the manuscript. His un- 
timely death has become a great loss for us. 

1 Abstract self-adjoint boundary value problems 

In this section we describe the theory of self-adjoint extensions using abstract 
boundary conditions. Some theorems here are not new, but the existing presenta- 
tions are spread through the literature, so we decided to provide here the key ideas 
with complete proofs. 

1.1 Linear relations 

Here we recall some basic facts on linear relations. For a more detailed discussion 
we refer to [12]. Let ^ be a Hilbert space. Any linear subspace of ^ will be 
called a linear relation in ^ . For a linear relation A in ^ the sets 

domA : = {jc G ^ : 3^ G ^ with {x,y) G A)}, 
ranA : = {;c G ^ : 3); G ^ with {y,x) G A)}, 
kerA: = {xG^:(x,0)GA} 
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will be called the domain, the range, and the kernel of A, respectively. The linear 
relations 



clearly, one has dom(A' + A") = domA' fl domA". The graph of any linear oper- 
ator L with domain in ^ is a linear relation, which we denote by gr L. Clearly, if L 
is invertible, then gr L^^ = (grL)^^ For arbitrary linear operators L' ,L" one has 
gr ( aL) — agx L and gr L! + gr — gr {Ll +L"). Therefore, the set of linear op- 
erators has a natural "linear" imbedding into the set of linear relations. Moreover, 
if L is a densely defined closable operator in ^, then grL* = (grL)*, hence, this 
imbedding commutes with the star-operation. 

In what follows we consider mostly only closed linear relations, i.e. which are 
closed linear subspaces in ^ © ^. Clearly, this generalizes the notion of a closed 
operator. Similarly to operators, one introduces the notion of the resolvent set 
res A of a linear relation A. By definition, X e res A if (A — is the graph of 

a certain everywhere defined bounded linear operator (here / = gr id^y = | : 
X G ^}); this operator will be also denoted as (A — A/)^^ Due to the closed graph 
theorem, the condition A e res A exactly means that A is closed, ker(A — XI) = 0, 
and ran(A — A/) = ^. The spectrum spec A of A is defined as 



A linear relation A on is called symmetric if A C A* and is called self-adjoint 
if A = A*. A linear operator L in ^ is symmetric (respectively, self-adjoint) if and 
only if its graph is a symmetric (respectively, self-adjoint) linear relation. A self- 
adjoint linear relation is always maximal symmetric, but the converse in not true; 
examples are given by the graphs of maximal symmetric operators with deficiency 
indices (n,0), n > 0. 

To describe all self-adjoint linear relations we need the following auxiliary 
result. 

Lemma 1.1. Let U be a unitary operator in ^ . Then the operator M : ^ ® ^ — > 



A-i -{(jc,);) G^©^: GA}, 
A* = {(^1,-^2) e^©^ : (xi|y2) = (^2bi) V(3;i,3;2) e A} 
are called inverse and adjoint to A, respectively. For a G C we put 

aA = {(x, ay) : {x,y) e A}. 




spec A := C\resA. 



© 




(1.1) 



is unitary; in particular, G resM. 
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Proof. The adjoint operator M* has the form 



lf-i{l+U*) l-U* 
2\ U*-l -i{l + U*) 

and it is easy to show by direct calculation that M* = M^^. □ 

Theorem 1.2. A linear relation A in ^ is self-adjoint iff there is a unitary operator 
U in ^ (called the Cayley transform of A) such that 

A= {(jci,JC2) G^©^: i{l+U)xi = {l~U)x2}. (1.2) 

Writing U in the form U = exp(— 2/A) with a self-adjoint operator A one can 
reformulate theorem [L2] as follows: 

Corollary 1.3. A linear relation A in ^ is self-adjoint iff there is a self-adjoint 
operator A acting in ^ such that A = {(jci,jc2) G : cosAxi = sinA.x;2}. 

To prove theorem [L2l we need the following lemma. 

Lemma 1.4. Let U be a unitary operator in ^ and A be defined by (|1.2I) . then 

A= |((l-f/);c,«(H-f/)x) : jce^}. (1.3) 

Proof of lemma [L31 The linear relation A given by (11.21) is closed as it is the null 
space of the bounded operator 

^©^3 (jci,JC2) ^ i{l+U)xi - {1-U)X2 E ^. 

Denote the set on the right-hand side of (11.31) by n. Clearly, n C A. By lemma fTTl 
the operator M* adjoint to M from (11.11) maps closed sets to closed sets. In partic- 
ular, the subspace H = M*(0©^) is closed. Assume that there exists (3^1, J2) G A 
such that (ji, J2) -L n. The condition (^1,^2) G A reads as /(I + U)yi — (1 — 
U)y2 = 0, and 1 , ^2) -L n means that {yi\{l ~ U)x) + {y2\i{l + U)x) = for 
all jc G ^, i.e. that {U - l)ji - i{l + U)y2 = 0. This implies M{yi,y2) = 0. By 
lemma [TTTl yi =y2 = 0. The requested equality A = n is proved. □ 

Proof of theorem II.2I (1) Let U he a unitary operator in ^ and A be defined by 
(|1.2I) . By lemma [L4l one can represent A in the form (11.31) . Using this representa- 
tion one easily concludes that A C A*, i.e. that A is symmetric. 

Let (ji,j2) G A*. The equality {xi\y2) = {xi\y2) for all {xi,X2) G Ais equiva- 
lent to {{1-U)x\y2) = {i{l+U)x\yi) for all x G ^, from which -i{l + U-^)yi = 
(1 - U-^)y2 and z(l + U)yi = (1 - U)y2, i.e. (ji, J2) G A. Therefore, A* C A, 
which finally results in A = A* . 
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(2) Let A be a self-adjoint linear relation in ^. Set L± := {xi ± ix2 '■ {xi,X2) G 
A}. Assume that for some {xi,X2) and (yi^yi) from A one has xi + 1x2 = yi_ + 
iy2, then {xi — yi,X2 — y2) ^ A and xi —yi = —i{x2 — ^2)- At the same time, 
= Im(xi -yi\x2 - J2) = lm{-i{x2 - J2)| (^2 -yi)) = Imi||x2 -y2|P, therefore, 
X2 = y2 and xi =yi. In the same way one can show that from xi — 1x2 =yi— iy2, 
{xi,X2), (yi,j2) G A, it follows thatxi =^1 andx2 = J2- Forxi +1x2 with (xi,X2) G 
A set U {xi + ix2) = ^1 — ix2- Clearly, U : ^ L is well-defined and bijective. 
Moreover, ||L''(;£:i -f/x2)||^ = + ||-^2||^ = + ix2\\^, i.e. U is isometric. 

Show that U is actually a unitary operator, i.e. that L± = ^. We consider 
only L+; the set L can be considered exactly in the same way. Assume that 
y _L for some y E^, then {xi + ix2 \ y) = {xi \ y) — {x2 \ iy) = for all {x\ , ^2) G 
A. It follows that {iy,y) G A* = A, which implies lm{iy\y) = — Imz||j|p = 0, 
i.e. y = 0. Therefore, = ^ . To show that is closed we take an arbitrary 
sequence {x\^x'^ G A with \im{x'l -|- ix'l) = y for some y E'^^, then automatically 
lim(jCj — ZJC2) = y' for some y' G ^, and 

limx'^ = ^ (y + y') =: yi and limx'^ = ^ (y-y') =: y2- 

As we see, the sequence {x1,X2) converges, and the limit (ji,j2) lies in A as A is 
closed. Therefore, y = yi + iy2 lies in L+, L_|_ is closed, and U is unitary. 

Clearly, by construction of i7, A is a subset of the subspace on the right-hand 
side of (11.21) . As shown in item (1), the latter is self-adjoint as well as A is, 
therefore, they coincide. □ 

Theorem 11.21 gives only one possible way for parameterizing linear relations 
with the help of operators. Let us mention some other ways to to this. 

Proposition 1.5. Let A and B be bounded linear operators in ^. Denote A := 
{(jci,jC2) G^©^: Ax\ =3x2^ Ais self-adjoint iff the following two conditions 
are satisfied: 

AB*=BA\ (1.4a) 
ker(^ -/)=0. (1.4b) 

Proof. Introduce operators L : ^ © ^ 9 (jci , X2) 1-^ Ax^ - 8x2 G ^ and 7 : ^ © ^ 9 
ixuX2) ^ (-JC2,JCi) G^©^. There holds A* =7(A^) and A = kerL. 

Let us show first that the condition (ll.4al) is equivalent to the inclusion A* C A. 
Note that this inclusion is equivalent to 7(A^) C A or, due to the bijectivity of J, 
to 

A^C7A. (1.5) 
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Clearly, A = kerL is closed, therefore, by the well known relation, A = kerL = 
ranL*. As A is closed, the condition (|1.5I) is equivalent to 

ranL* c7(kerL). (1.6) 

Noting that L* acts as ^ 9 x t-> {A*x, -B*x) G ^ we see that (1131) is equiva- 
lent to (|1.4al) . 

Now let A be self-adjoint, then /(A^) = A or, equivalently, 7(A) = A-^ = 
kerL^. Therefore, the restriction of L to 7(A) is injective. This means that the 
systems of equations Lz = 0, LJz = has only the trivial solution, which is exactly 
the condition (ll.4bl) . 

On the other hand, if (|1.4al) and (II ^bl) are satisfied, then, as shown above, 
A^ C 7(A). If A^ 7^ 7(A), then 7(A) contains a non-zero element of (A^)^ = A = 
kerL, i.e. there exists z^O with Lz = and LJz = 0, which contradicts (|1.4bl) . □ 

For a finite-dimensional ^ the condition (ll.4bl) simplifies, and one arrives at 

Corollary 1.6. Let ^ he finite dimensional, A,B be linear operators in ^ . The 
linear relation K:= \{x\,X2) e^©^ : Ax\ =3x2^ is self -adjoint iff the following 
two conditions are satisfied: 

AB*=BA\ (1.7a) 
det(A4* +BB*) 7^ -v^ the block matrix {A\B) has maximal rank. (1.7b) 

The conditions (ll.4al) . (I1.4bl) . (I1.7al) . (I1.7bl) can be rewritten in many equiva- 
lent forms, see e.g. [4, Section 125], [31,47,107,118]. 

1.2 Boundary triples for linear operators 

Definition 1.7. Let A be a closed linear operator in a Hilbert space with the 
domain domA. Assume that there exist another Hilbert space ^ and two linear 
maps Fi, r2 : domA ^ such that: 

{f\Ag) - {Af\g) = (Fi/|F2^) - (F2/|Fi^) for all/, g G domA, (1.8a) 
the map (Fi , F2) : domA ^ ^ © ^ is surjective, (1.8b) 
the set ker(Fi,F2) is dense in J^. (1.8c) 

A triple (^, Fi, F2) with the above properties is called a boundary triple for A. 

Remark 1.8. This definition differs slightly from the commonly used one. In [49, 
71,88] one defines boundary triple only for the case when A* is a closed densely 
defined symmetric operator; the property (|1.8cl) holds then automatically. In our 
opinion, in some cases it is more convenient to find a boundary triple than to check 
whether the adjoint operator is symmetric. Below we will see (theorem 1 1.1 21) that 
these definitions are actually equivalent if one deals with self-adjoint extensions. 
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In Definition 1 1.71 we do not assume any continuity properties of the maps Fi 
and Tj, but they appear automatically. 

Proposition 1.9. Let A be a closed linear operator in a Hilbert space and 
(^,ri,r2) be its boundary triple, then the mapping dom5 3 g ^ (Fi^, r2^) G 
©'S is continuous with respect to the graph norm ofS. 

Proof. Suppose that a sequence gn E domA, n eN, converges in the graph norm. 
As A is closed, there holds g := limgn E domA and Ag = limAgn. Assume that 
lim{rign,r2gn) — (m,v), whcrc the limit is taken in the norm of ^©^. Let us 
show that Fi^ = u and Tig = v; this will mean that the mapping (Fi , F2) is closed 
and, therefore, continuous by the closed graph theorem. 
For an arbitrary / E domA there holds 

(Fi/|F2^) - (F2/|Fig) = {f\Ag) - {Af\g) 

= lim(/| A^„) - (A/I g„) = lim(Fi/| F2^„) - (F2/I Fi^„) 

= (Fi/|v)-(F2/|i.). 

Therefore, (Fi/| Tig) - (F2/I Tig) = (Fi/| v) - (F2/I u) and 

(Fi/|F2^-v) = (F2/|Fi^-m) (1.9) 

for any / E domA. Using the property (ll.Sbl) from definition II. 7 [ one can take 
/ E domA with Tif = Tig - v and F2/ = 0, then (fTgl) reads as ||F2^ - v\\^ = 
and Tig = v. Analogously, choosing / E domA with Fi/ = and F2/ = Tig — u 
one arrives at Fi^ = u. □ 

Our next aim is to describe situations in which boundary triples exist and are 
useful. For a symmetric operator A in a Hilbert space and for z G C, we denote 
throughout the paper ^z{A) := ker(A* — zl) and write sometimes ^ instead of 
jY^iA), if it does not lead to confusion. 

Is is well known that A has self-adjoint extensions if and only if dim^ = 
dAmjV-i. The von Neumann theory states a bijection between the self- adjoint 
extensions and unitary operators from ^ to jV-i. More precisely, if is a unitary 
operator from jVi to jV-u then the corresponding self-adjoint extension Au has 
the domain {/ = /q /■ + Ufi\ foE domA, /■ E yt^} and acts asfo + fi + U fi ^ 
A/o -|- ifi — iUfi. This construction is difficult to use in practical applications, 
and our aim is to show that the boundary triples provide a useful machinery for 
working with self-adjoint extensions. 

The following proposition is borrowed from [88]. 

Proposition 1.10. Let A be a densely defined closed symmetric operator in a 
Hilbert space with equal deficiency indices (n, n), then there is a boundary 
triple Fi , F2) for the adjoint A* with dim^ = n. 
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Proof. It is well known that domA* = domA + o4f + .yV-u and this sum is direct. 
Let P±i be the projector from domA* to corresponding to this expansion. 

Let G domA*, then / = /o + Pif + P-if, g = gQ + Pig + P ig, fo,go G 
domA. Using the equalities A */',■ = iPj and A*/' / = —iP i one obtains 

{f\A*g) - {A*f\g) = {f, + P^f + P_^f\Ago + iPig-iP-ig) 

= 2i{Pif\Pig)-2i{P-if\P-,g). (1.10) 

As the deficiency indices of A are equal, there is an isomorphism U from jV-i 
onto Denote ^ := ^4^/ endowed with the induced scalar product in and 
set Ti = iUP i - iPi, T2 = Pi + UP i, then 

(Fi/I r2^) - (r2/| r,g) = 2i{Pif\ Pig) - 2i{uP-d\ up-,g) 

= 2i{Pif\P,g)-2i{P^J\P^,g). (1.11) 

Comparing (11.101) with (11.111) one shows that (^,ri,r2) satisfy the property 
(|1.8al) of definition (fLTl) . Due to domA C ker (/',-,/'_,■) C ker(ri,r2) the prop- 
erty (|1.8cl) is satisfied too. To prove (ll.Sbl) take any ^1,^2 G = ^ and show 
that the system of equations 

iUP-,f-iP,f = Fi, UP-J + Pif = F2, (1.12) 

has a solution / G domA*. Multiplying the second equation by i and adding it to 
the first one one arrives at 2iU P-if = Fi+ iF2. In a similar way, 2iPif = iF2 — F\ . 
Therefore, the funtcion 

/ = ^(''^2 -i^i) + Yi^-\Fi+iF2) G ^(A*) +^_,(A*) C domA* 

is a possible solution to (11.121) . and (ll.Sbl) is satisfied. Therefore, (^,ri,r2) is a 
boundary triple for A*. □ 

Let A be a closed densely defined linear operator. A* have a boundary triple 
(^, Fi, r2), A be a closed linear relation in ^. By A^ in this subsection we mean 
the restriction of A* to the domain domAA = {/ G domA* : (ri/,r2/) G A}. 

The usefulness of boundary triples is described in the following proposition. 

Proposition 1.11. For any closed linear relation A in ^ one has A^ = A^*. In 
particular, A a is symmetric/self-adjoint if and only if A is symmetric/self-adjoint, 
respectively. 
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Proof. Clearly, one has A C Aa C A*. Therefore, A C C A*. Moreover, one 
has 

grA; = {(/,A7) : = {A*f\g) G domAA} 

= {(/,A7) : (ri/|r2^) - (r2/|ri^) Vg G domAA} 

= {(/,A7) : (ri/|x2) - (r2/|^i) V(xi,x2) e a} 

= {(/,A7) : (ri/,r2/) G A*} = grAA*. 

This proves the first part of proposition. The part concerning the self-adjointness 
of A A is now obvious, as A a C A a' if and only if A C A'. □ 

Theorem 1.12. Let A be a closed densely defined symmetric operator. 

(1) The operator A* has a boundary triple if and only if A admits self-adjoint 
extensions. 

(2) 7/" ,ri,r2) is a boundary triple for A*, then there is a one-to-one cor- 
respondence between all self-adjoint linear relations A in ^ and all self- 
adjoint extensions of A given by A\, where Aa is the restriction of A* 
to the vectors f G domA* satisfying {Tif^Tif) G A. 

Proof. (1) Let A* have a boundary triple and A be any self-adjoint linear relation 
in ^, then according to proposition ll.l li the operator Aa is self-adjoint, and Aa D 
A. The converse is exactly proposition ll.lOl 

(2) If A is a self-adjoint linear relation in ^ , then due to proposition 11.111 the 
corresponding operator Aa is self-adjoint. 

Now let 5 be a self-adjoint extension of A, then A C 5 C A*. Denote 
A = {(Fi/, r2/), / G dom5*}, then B = Aa, and A is self-adjoint due to propo- 
sition [TIIJ □ 

Theorem 1.13. Let a closed linear operator B have a boundary triple {'^ ,T\,T2), 
and A := 5|]jgf(pj p^)' ^^^^ A C B*. Moreover, the following three conditions are 
equivalent: 

(1) B has at least one restriction which is self-adjoint, 

(2) B* is symmetric; 

(3) B* =A, 

(4) A* =B. 
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Proof. By construction A is densely defined. By definition 1 1.7 1 for any / G domA 
one has {f\Bg) — {Af\g) = 0, which means A C B*. In particular, B* is densely 
defined. By proposition 1 1.9[ A is closed, therefore, (3) and (4) are equivalent. 

(1) ^(2). Let C be a self-adjoint restriction of B. From C C 5 it follows 
B* CC* =C cB={B*y, i.e. B* is symmetric. 

(2) ^(3). Let D = B*he symmetric, then D C 5 is closed and B = D*. 

Let / G domD. According to the definition 11.71 there exists g G domZ)* = 
dom5 with Fi^ = — F2/ and r2g = Fi/. One has 

= {Df\ g) - {Df\ g) = (/I D*g) - {D*f\ g) 

^{f\Bg)-{Bf\g) = \\r,ff + \\r2f\\\ 

from which Fi/ = F2/ = 0. Therefore, domD C ker(Fi,F2) = domA. At the 
same time, as shown above, A C B*, which means A= D = B*. 

(4)^(1). Let 5= A*. By theorem 11.1 2r i) the operator A has self-adjoint 
extensions, which are at the same time self-adjoint restrictions of A* = B. □ 

The proof of proposition 11.101 gives a possible construction of a boundary 
triple. Clearly, boundary triple is not fixed uniquely by definition II. 7[ For a 
description of all possible boundary triple we refer to [100, 101]. We restrict 
ourselves by the following observations. 

Proposition 1.14. Let A be a closed densely defined symmetric operator with 
equal deficiency indices. For any self-adjoint extension H of A there exists a 
boundary triple .Ti.Ti) for A"" such that H is the restriction of A* to kerFi. 

Proof. Let ,Y\,Y'j) be an arbitrary boundary triple for A*. According to the- 
orem [TTT2t2), there exists a self-adjoint linear relation A in ^ such that H is the 
restriction of A* to the vectors / G domA* satisfying {T^f.T^f) G A. Let U be 
the Cayley transform of A (see theorem [L2l) . Set 

Fi:=i(/(l+t/)F'i + (f/-l)F^), T2:=\{{l-U)T\ + i{l+U)T'^. 

By lemma [TTI the map (Fi,F2) : domA* is surjective and ker(Fi,F2) = 

ker(F;,F'2). At the same time one has (Fi/|F2g) - (Fz/lFig) = {T'J\T'^g) - 
(Fj/lFjg), which means that (^,Fi,F2) is a boundary triple for A*. It remains to 
note that the conditions (Fj/, F2/) G A and Fi / = are equivalent by the choice 
off/. □ 

Proposition 1.15. Let (^,Fi,F2) be an arbitrary boundary triple for A*, and L 
be a bounded linear self-adjoint operator in ^ , then Fi , F2) with T\ = Fi and 
F2 = F2 -l-LFi is also a boundary triple for S*. 
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Proof. The conditions of definition 1 1.71 are verified directly. 



□ 



An explicit construction of boundary triples is a rather difficult problem, see 
e.g. [124] for the discussion of elliptic boundary conditions. In some cases there 
are natural boundary triples reflecting some specific properties of the problem, 
like in the theory of singular perturbations, see [114] and subsection ll.4.2l below. 

1.3 Krein's resolvent formula 

In this subsection, if not specified explicitly, 

• S is a densely defined symmetric operator with equal deficiency indices 
(n, n), < n < oo, in a Hilbert space 

• ^:=ker(5*-z), 

• ^ is a Hilbert space of dimension n, 

• is a certain self-adjoint extension of S, 

• for z G resH° denote R^{z) := {H^-zy^, the resolvent of 
For zi,Z2 G resH^ put 

Uizuzi) = {H^-z2){H^-zi)-' ^l + {zi-Z2)R'{zi). 

It is easy to show that i7 (zi , 22) is a linear topological isomorphism of obeying 
the following properties: 



U{z,z)=I, (1.13a) 

U{zuZ2)Uiz2.Z3)=UizuZ3). (1.13b) 

U-'{zuZ2)=Uiz2,zi). (1.13c) 

U*izuZ2)=UizuZ2): (1.13d) 

t/(zi,Z2)^2(5) = ^,(5). (1.13e) 



Definition 1.16. A map 7 : res//" L(^,^) is called a Krein T-field for 
(5,//*^,^) if the following two conditions are satisfied: 

Y{z) is a linear topological isomorphism of ^ and ^ for all z E resH^, (1.14a) 

for any zi,Z2 G res//° there holds y^zi) = t/ (21,^2)7(^2) or, equiva- , . 
lcnt\y,r{zi)-r{z2) = {zi-Z2)R\zMz2) = {zi-Z2)R\z2)Y{zi). ^ ■ ^ 

Let us discuss questions concerning the existence and uniqueness of F-fields. 
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Proposition 1.17. For any triple (5,//*^,^) there exists a Krein T-field y. Ify{z) 
is another Krein T-field for (5,//*^,^) with a certain Hilbert space then there 
exists a linear topological isomorphism N from to'S such that y{z) = y{z)N. 

Proof. Fix any zo G resH^, choose any linear topological isomorphism L : ^ — > 
and set y{zo) :— L. Then property (I1.14bl) forces to set 

r(z) = U{z,zg)L = L+{z- zo)R'^ iz)L. (1.1 5) 

On the other hand, the properties (|1.13l) of i7(zi,Z2) show that y{z) defined by 
(fLTSl) is a r-field for (5, ^) . 

If y{z) : ^ z G resi/O, is another T-field for {S,H^,'^), then setting 

^ = Y{zo)y^^^\zo) where y^^^\zo) is the inverse to y{zo) : ^ —>■ and using 
(|1.14bl) again, we see that y{z) = yiz)N for all z E resH^. □ 

The following propositions gives a characterization of all Krein F-fields. 

Proposition 1.18. Let be a self-adjoint operator in a Hilbert space M', ^ be 
another Hilbert space, and y be a map from res//*^ to L(^, then the following 
assertions are equivalent: 

(1) there is a closed densely defined symmetric restriction S ofH^ such that y 
is the r-field for (5,//°,^). 

(2) y satisfies the condition (|1.14bl) above and the following additional condi- 
tion: 

for some C, G resH^ the map y{Q is a linear topological 
isomorphism of on a subspace Jf" C such that J/' fl (1-16) 
dom//*^ = {0}. 

Proof. Clearly, any F-field satisfies (11.161) . 

Conversely, let the conditions (11.161) and (I1.14bl) be fulfilled for a map y : 
resH^ L(^,=^). Then, in particular, y{z) is a linear topological isomorphism 
on a subspace of J^f for any z G res Denote = ker y* (z) (H^ — z) . According 
to (I1.14bl) we have for any zi , Z2 G res H^ 

f{z2) = f{zi)U*{z2,zi)=f{zi){H'-zi){H^-Z2)-'. 

Hence y'{z2)iH^ - zi) = 7*(zi)(//° -fi), therefore % is independent of z. De- 
note ^ := ^iid define S as the restriction of H*^ to ^. Show that ^ is dense in 
J^. Let (p ± ^. Since Si = ^^= R^{Q{^^), this means that (^"(C)<Pl ¥)=0 
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for each i// G i.e. we have R^{Q^ G .yV. Hence, R^{Q^ = 0, therefore 
9 = 0. Thus, S is densely defined. Let us show that 

ran(5-z) =ker7*(z) (1.17) 

for any z E resH^. Let f{z)(p = 0; set i// := {H^ -z^^q), then i/A g dom5 = 
therefore, (p G ran(5 — z). Conversely, if (p G ran(5 — z), then (p = (5 — z)!// where 
7*(z)(//0-f)V/ = 0, and(fLT7]) is proven. In particular, (|1.17l) implies that S is 
closed. Moreover, we have from (11.171) 



Ji = mn{S-z) =ker7*(z)^ = ran7(z) =ran7(z). 
Thus, 7 is a T-field for (5, Z/^, ^) . □ 
Let now the triple (5,//*^,^) be endowed with a F- field 7, 7 : res//^ — * 

Definition 1.19. A map Q : resH^ L(^,^) is called a ^rem ^-function for 
(5,//0,^,7),if 

e(2i) -e*(f2) = (zi -Z2)f{z2)Y{zi) for any zi,z2 e res//0. (1.18) 

Proposition 1.20. For any {S,H^,^) endowed with a Krein Y-field y there exists 
a Krein ^-function Q : resif ° -> L(^, ^). //2(z) : ^ ^, z G res//*^, Z5 another 
£2 -function for {S,H^,^ ^ 7), ^/zen 2(z) = 2(z) +M, where M is a bounded self- 
adjoint operator in ^. 

Proof. Fix as any zo E resH^ and denote jcq := Re zo, yo ■= zo, L : = 7(zo)- If a 
^-function exists, then by (11.181) one has Q{z) = 2* (zo) + (z - zo)^* 7(z) . On the 
other hand 

, e(zo) + e*(zo) Q{zo)-Q*{zo) 
Q izo) = 2 2 • 

Clearly, Q{zo) + Q*{zo) is a bounded self-adjoint operator in ^, denote it by 2C. 
According to (|1.18l) . 2(zo) - 2*(zo) = 2iyoL*L, and therefore 

e(z) = C - /joZ^*^ + (z - zo)L* 7(z) . (1.19) 

We have from (11.191 ) that if Q{z) is another ^-function for {S,H^,W,y), then 
2(z) — Q{z) = M where M is a bounded self-adjoint operator which is independent 
of z. 

It remains to show that a function of the form (11.191) obeys (11.181) . Take arbi- 
trary zi,Z2 G resH^. We have Q*{z2) = C + iyoL*L+ {z2-zo)f{z2)L. Therefore, 

Q{zi)-Q*{z2) = izo-zo)L*L+{z-zo)L*r{zi) + {zo-Z2)fiz2)L. (1.20) 
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By (frT4b| ), L = r(zo) = y{zx) + (20-^1)^^^0)7(^1) and L* = 7*(zo) = ^(^2) + 
(zq — 22)7* (22)^^(20 )• Substituting these expressions in (| 1.201) we obtain 

e(zi)-e*(z2) = (2i-f2)r*(22)r(2i) 

+ f (Z2) { (fo -zq)[{zo- Z2)R' (zo) + {zo - zi (zo) 

+ (fo - f2)(z0 -Zl)i?°(f0)^°(20)] + {Zl -Zo)izo-Z2)R'^izo) 

+ izo-Z2)izo-zi)R\zQ)]r{zi). 
The expression in the curly brackets is equal to 

{zo-zo){zo-Z2)R^{zo) + (zi -zo){zo-Z2)R^{zo) 

+ (zo - Zl ) (zo - Z2)^°(zo) + (zo - zo) (zo - Zl )R^ (zo) 

+ (zo - Z2) (zo - Zl )i?°(zo) - (zo - Z2) (zo " Zl )R^ (zo) ■ 

It is easy to see that the latter expression is equal to zero, and we get the result. □ 

Below we list some properties of F-fields and =S-functions which follow easily 
from the definitions. 

Proposition 1.21. Let ybe a Krein T-fieldfor {S,H^, J^), then 7 is holomorphic 
in res and satisfies 



jj{z)=R\z)y{z). 


(1.21a) 


5*7(2) =z7(z), 


(1.21b) 


7*(z) is a bijectionfrom ,jY^ onto ^, 


(1.21c) 


f(z)/ = 0#/±^, 


(1.21d) 


f(zi)r(22) =f (Z2)7(zi), 


(1.21e) 


i) -7(z2)] C dom for any zi,Z2 e resH^. 


(1.21f) 



Let in addition Q be a Krein ^-function for {S,H^,'^^) and 7, then Q is holomor- 
phic in XQ%H^, and the following holds: 

^Q{z) = f{zmz), (1.22a) 
dz 

Q*(z) = e(z), (1.22b) 

for any z G C \ M there is Cj > with ^^^^^^ > ^ (1 .22c) 

Imz 
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Remark 1.22. The property (II .2201) means that =S-function is an operator- valued 
Nevanlinna function (or Herglotz function). This implies a number of possible 
relations to the measure theory, spectral theory etc., and such functions appear 
in many areas outside the extension theory, see e.g. [47, 49, 66, 68, 104, 105] and 
references therein. 

Our next aim is to relate boundary triples in definition 11.71 to Krein's maps 
from definition 1 1.1 61 

Theorem 1.23. Let She a closed densely defined symmetric operator in a Hilbert 
space with equal deficiency indices. 

(1) For any self-adjoint extension HofS and any zEresH there holds dom S* = 
domH + ,yVz, and this sum is direct. 

(2) Let (^,ri,r2) be a boundary triple for S* and //^ be the restriction of S* 
to kerPi which is self-adjoint due to theorem \L12\ Then: 

(2a) for any z E resH^ the restriction o/Fi to has a bounded inverse 
y{z) '■ ^ J^z C defined everywhere, 

(2b) this map z ^ 7(z) is a Krein Y-fieldfor (5, H^, 

(2c) the map resH^ 3 z^ Q{z) = ^lYiz) G L(^,^) is a Krein ^-function 
for (S.H^,^) andy. 

(2d) for any f e domif ° and z G resT/'^ there holds f (f) (i^^ - z)/ = T2f. 

Proof. (1) Let /Gdom5*, Denote /o:=(//-z)"H5*-z)/. Clearly, /o G dom//. 
For ^ := / - /o one has (S* - z)g = (S* - z)f - (5* - z) (// - z)-^^* - z)f = 
(S* - z)f -{H-z){H- z)-\S* - z)f = 0, therefore, g G ker(5* -z)=^z- 

Now assume that for some zEresH one has /o = /i +8i for some /o, /i G 
dom// and ^0, ^1 G ^, then /o - /i = - G ^ and (// - z) (/o - /i ) = (5* - 
z) (/o - /i ) =0- As // - z is invertible, one has /o = /i and = .?i • 

(2a) Due to condition (fTSbl) . ri(dom5*) = ^. Due to ri(dom/?'^) = and 
item (1) one has ri(^) = ^. Assume that Fi/ = for some / G then 
/ G dom//^ n ,yVz / = by item (1). Therefore, Fi : ^ — * ^ is a bijection 
and, moreover, Fi is continuous in the graph norm of S* by proposition 1 1.91 At 
the same time, the graph norm of S* on is equivalent to the usual norm in J^, 
which means that the restriction of Fi to ^ is a bounded operator. The graph of 
this map is closed, and the inverse map is bounded by the closed graph theorem. 

(2b) The property (II. Hal) is already proved in item (2a). Take arbitrary zi , Z2 G 
res//0 and ^ E^. Denote / = r(zi)^ and g = C/(z2,zi)/ = f+ {z2-zi)R\z2)f. 
As R^{z2)f E dom//0, there holds TiR^{z2)f = and Fi^ = Fi/. Clearly, / G 
./f^j, and to prove property (|1.14bl) it is sufficient to show that {S* — Z2)g = 0. 
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But this follows from the chain (5* - ^2)^ = {S* - 12)/+ {zi - zi){S* - zi) {H^ - 

Z2)-'f={S*-Z2)f+iz2-Zl){H^-Z2)iH^-Z2)-'f=iS*-Zl)f = 0. 

Therefore, 7 satisfies both properties (I1.14al) and (I1.14bl) in definition [TTTll 
(2c) As y{z) is bounded by item (2a) and r2 is bounded by proposition 11.91 
the map Q{z) is a bounded linear operator on L(^,^). To prove property (I1.18|) 
take arbitrary zi,Z2^ res//, 0, i/a g ^, and set / := Y{z2)(j>, g ■= 7{zi)Y- Clearly, 

{f\S*g)-{f\S*g)-{zi-Z2){f\g) 

= (/I iS*-Zi)g) - {{S*-Z2)f\g) = 0. (1.23) 

At the same time one has 

{f\g) = {YimirizM = {(l>\fiz2)rizi)¥)- (1-24) 

Moreover, using the equality Fi 7(2)1^ = ^, which holds for all G ^ and z G 
res//°, one obtains 

(/I s'^g) - (/I s'g) = (Fi/i r2^) - (r2/| Tig) 

= (Fi 7(12) (^) I r27(zi ) yr) - (r27(z2)0 1 Ti 7(^1 ) xff) 

= (01 e(zi)v/) - {Q{z2mw) = (<^> I [Q{zi)-Q*{z2)] ¥)■ 

Therefore, Eqs. (|1.23l) and (11.241) read as 

(<^| [Qizi) - Q*{z2)] W) = (01 {zi-Z2)f{z2)y{zi)w). 

which holds for any 0, i// G ^. This implies (11.181) . 
(2d) For any G ^ one has 

(0|f(f)(//O-z)/) = (7(f)0|(//°-z)/) = (r(f)0|57)-z(7(f)0l/) 

= (^* 7(^)01/) -z{y{mf) + (ri7(f)0|r2/) - {T2y{m^if) 

= ((r-z-)7(f)0|/) + (0|r2/) = (0|r2/), 

i.e. r2/ = f(z)(//0-z)/. □ 

Definition 1.24. The Krein F-field and ^-function defined in theorem [1.231 will 
be called induced by the boundary triple Fi , r2) . 

Remark 1.25. The ^-function induced by a boundary triple is often called the 
Weyl function [5,49]. 

Conversely, starting with given Krein maps one can construct a boundary 
triple. 
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Proposition 1.26. Let y be a Krein T -field for (5,//",^). For any z G res// , 
represent f G dom5* as 

f = fz + y{z)F, (1.25) 
where G dom//*^, F G ^. /^or a fixed z G res//*^ define 

Ti/ := F, r2/ := ^ (f (f ) (//« - z)/, + f (z) (//° - f)/,) , 

then Fi , is a boundary triple for S*, and y{z) is the induced T-field. 

For further references we formulate a simplified version of proposition 11.261 
for the case when //^ has gaps. 

Corollary 1.27. Let y be a Krein T-field for (5,//^, ^). Assume thatH^ has a gap, 
andX Gres//'^nM. Represent f e domS* as f = fx + y{X)F, where fx G dom//° 
F G ^. Define 

Tif:=F, r2/:=f(A)(//«-A)/;t, 
then Fi , F2) is a boundary triple for S*. 

Proof of proposition [L26l First of all note that the component F in (11.251) is in- 
dependent of z. To see that it is sufficient to write / as + (/(z) — 7(A))F + 
Y{X)F and to use the uniqueness of this expansion and the inclusion (/(z) — 
r(A))F G dom//0 following from (fOTfl) . 

The property (ll.Sbl) of boundary triples is obvious. From the equality (//*^ — 
z)dom5-^ = ker(5* -z) and (ll.21dl) it follows that dom5 C ker(Fi,F2), which 
proves (|1.8cl) . To show (II. Sal) we write 

2(/|S*g)-2(57k) 

= (/I {S*-z)g) + (/I {S*-z)g) - {{S*-z)f\g) - {{S*-z)f\g) 
= {fz + r{z)T,f\ (//0-z)g,) + (/z + rWFi/l {H^-z)g,) 
- ( (//O - z)f,\g, + rimg) -{(H'- z)f, I g, + y{z)T,g) 
= {fz\ {H^-z)g,) + {A\ iH^-z)g,) - {{H^-mg,) - ((//«- z)/,k,-) 
+ (ri/l r (z) (//o -z)g,) + (Fi/I f (z) (//« - z-)^,) 

- (f (f)(^"-^)/z|ri^) - {fiz){H'-z)f,,r,g) 

= 2(Fi/|F2^)-2(F2/|Fig). 

To show that this boundary triple induces 7 it is sufficient to note that Fi7(z) = id^ 
and 7(z)Fi =iddom5*- □ 

Proposition 11.261 does not use any information on =S-functions, and 
functions can be taken into account as follows. 
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Proposition 1.28. Let y be a T-fieldfor (5,//",^) and Q be an associated =S- 
function, then there exists a boundary triple (^,ri,r2) for S* which induces y 
and Q. 

Proof. Let (^jP'^jFj) be the boundary triple for S* defined in proposition II .261 
and Q be the induced ^-function. By proposition 11.201 there exists a bounded 
self-adjoint operator M on ^ with = Q{z) +M. Clearly, (^,ri,r2) with 
Fl = Fj and F2 = Fj +Mr[ is another boundary triple for S* by proposition 1 1.15[ 
On the other hand, 7 is still the F- field induced by this new boundary triple, and the 
induced =2-function, which is F27(z) = F27(z) +Mr[y{z) = Q{z) +M, coincides 
with 2 (z). □ 

One of the most useful tools for the spectral analysis of self-adjoint extensions 
is the Krein resolvent formula described in the following theorem. 

Theorem 1.29. Let S be a closed densely defined symmetric operator with equal 
deficiency indices in a Hilbert space (^,Fi,F2) be a boundary triple for S*, 
be the self-adjoint restriction of S* to kerFi, 7 and Q be the Krein Y -field 
and ^-function induced by the boundary triple. Let A be a self-adjoint linear 
relation in ^ andH\ be the restriction ofS* to the functions f G dom5* satisfying 
(Fi/,F2/)GA. 

(1) For any z^resH^ there holds ker{H A — z) = 7(z)ker — A). 

(2) For any z G res H*^ fl res Ha there holds G res {Q{z) — A) and 

{H^-z)-' - (Ha-z)-' = yiz){Qiz) -A)-'f{z). 

(3) There holds spec //a \ spec //° = {z G res//*^ : G spec (2(z) - A) }. 

Proof. (1) Assume that G ker(A — 2(z)) then there exists i// G ^ such 
that V^) G A and i//— Q{z)<p = 0. This means the inclusion {^,Q{z)^) G 
A. Consider the vector F = y{z)^. Clearly, (5* — z)F = 0. The condition 
(FiF,F2F) = {(l),Q{z)(j)) G A means that F G dom//A and {Ha-z)F = 0. There- 
fore, y{z) ker {Q{z) - A) c ker(//A - z) . 

Conversely, let F G ker(//A — z), z E resH^. Then also (5* — z)F = and 
by theorem [03]; 1) there exists ^ G ^ with F = 7(z)0. Clearly, [^,Q{z)(j)) = 
(FiF,F2F) G A, i.e. there exist i// G ^ with (0, i//) G A and = Y- But this 

means (|) Gker(e(z)-A). 

(2) Let z G resi/° n resi^A- Take any h e Jif and denote / := {Ha - z^^h; 
clearly, / G dom//A» and by theorem ri.23f 1) there exist uniquely determined func- 
tions fz G domH^ and G ^ with f — fz + gz- There holds h = {Ha — z)f — 
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(S*-z)f=iS*-z)A + iS*-z)g, = iS*-z)A = {H^-z)Aandf, = {H^-z)-'h. 
Moreover, from Tify = one has Tif = Tig^, = Y{z)Tif, and, therefore, 

(//a - z)-'h = {H^-z)-'h + r{z)rj. (1.26) 

Applying to the both sides of the equality f = fz + YizjTif the operator r2 
one arrives at = r2fz + Q{z)Tif and 

T2f-Q{z)Tif = r2U (1.27) 

When h runs through the whole space Jff, then runs through dom//° and the 
values r2fz cover the whole space ^. At the same time, if / runs through domH/^, 
then the values (ri/,r2/) cover the whole A. It follows then from (11.271) that 
ran (A — 2(z)) =W. On the other hand, by (1) one has ker (A — 2(z)) =0 and 
e res (A - 2(z)) . From (11.271) one obtains 

ri/=(A-e(z))"V2/,. (1.28) 

By theorem [l.23r 2d) there holds r2 fz = Y'{z)h. Substituting this equality into 
(|1.28l) and then into (| 1.261) one arrives at the conclusion. 

The item (3) follows trivially from the item (2). □ 

Remark 1.30. Note that the operators Hj^ and //^ satisfy domHx n domH^ = 
domS' iff A is a self-adjoint operator (i.e. is a single- valued); one says that //a and 
are disjoint extensions of S. In this case the resolvent formula conains only 
operators and has the direct meaning. As we will see below, in this case one can 
obtain slightly more spectral information in comparison with the case when A is 
a linear relation, so it is useful to understand how to reduce the general case to the 
disjoint one. 

Let T be the maximal common part of and H;^, i.e. the restriction of S* to 
dom//^ n dom/^A- Clearly, T is a closed symmetric operator, 

domr = {/Gdom5* : ri/ = 0, T2f e ^} (1.29) 

where ^ = ker(A^^) is a closed linear subspace of ^. 

Lemma 1.31. Let ^ be a closed linear subspace of^ and T be defined by (11.291 ). 
then domr* = {/ G dom5* : Tif e 

Proof. It is clear that both T and T* are restrictions of 5*. Hence, for any / G 
domT and g G domS* one has 

w(/,^) := (/|5*^) - 1,7 f\g) = {T.mg) - (r2/|ri^) = (r2/|rig). 

Asr2(domr) =if,onehas W(/,^) =Oforall/iffri^±if. □ 
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Now one can construct a boundary triple for T* starting from the boundary 
triple for 5*. 

Theorem 1.32. Let the assumptions of theorem \1.29\ be satisfied. Let ^ he a 
closed subset of and an operator T be defined by (I1.29I ). Then {^.Ti.Ti) 
is a boundary triple for T*, where ^ := =Sf^ with the induced scalar product, 
Tj := PTj, j = 1,2, and P is the orthogonal projection onto ^ in ^ . The induced 
T-field yand ^-function Q are y{z) '■= Y{z)P, Q{z) : = PQ{z)P considered as maps 
from ^ to J/i and in ^, respectively. 

Proof. Direct verification. □ 

Returning to the operators pf' and i^A one sees that, by construction, they are 
disjoint extensions of T, and in the notation of theorem fl . 3 21 they are given by the 
boundary conditions T\f = and = LTif, respectively, where L is a certain 
self-adjoint operator in ^. Using theorem [L29] one can relate the resolvents of H'^ 
and //a by 

iH^-z)-'-m-z)-' = riz) {m-L)-'f (z) 

= y{z)P{PQ{z)P-Ly'pf{z). (1.30) 

and spec//A\spec//°= {zGres//° : G spec {PQ{z)P-L)]. 

The operator L can be calculated, for example, starting from the Cayley tran- 
form of A (see proposition II. 21) . Namely, let L^a be the Cayley transform of A, 
then, obviously, ^ = ker( 1 — Ua)^- The Cayley transform of L is then of the form 
Ui : = PU^P considered as a unitary operator in ^, and L = /( 1 — Ul) ^ ^ ( 1 + Ul) . 

Remark 1.33. For the case of a simple symmetric operator (that is, having no 
nontrivial invariant subspaces) one can describe the whole spectrum in terms of 
the limit values of the Weyl function, and not only the spectrum lying in gaps of a 
fixed self-adjoint extensions, see [17,24] for discussion. We note that, neverthless, 
the simplicity of an operator is a quite rare property in multidimensional problems 
which is quite difficult to check. 

Remark 1.34. It seems that the notion of boundary value triple appered first in the 
papers by Bruk [27] and Kochubei [88], although the idea goes back to the paper 
by Calkin [38]. The notion of a F-field and a ^-function appeared first in [92,98], 
where they were used to describe the generalized resolvents of self-adjoint exten- 
sions. The relationship between the boundary triples and the resolvent formula in 
the form presented in theorems 11.231 and 11.291 was found by Derkach and Mala- 
mud, but it seems that the only existing discussion was in [50], which is hardly 
available, so we preferred to provide a complete proof here. The same scheme of 
the proof works in more abstract situations, see e.g. [46]. The forumula (| 1.301) is 
borrowed from [115], but we give a different proof. 
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Remark 1.35. Theorem |1.29| shows that one can express the resolvents of all self- 
adjoint extensions of a certain symmetric operator through the resolvent of di fixed 
extension, more precisely, of the one corresponding to the boundary condition 
Yif = 0. On the other hand, proposition 1 1 . 141 shows that by a suitable choice of 
boundary triple one start with any extension. Formulas expressing ^-functions 
associated with different extensions of the same operator can be found e.g. in 
[49,67,96]. 

In view of proposition 1 1.51 on the parameterization of linear relations it would 
be natural to ask whether one can rewrite the Krein resolvent formula completely 
in terms of operators without using linear relations. Namely, if a self-adjoint 
linear relation A is given in the form A = {(xi,X2) G^©^;Axi = 5.x;2}, where A 
and B are bounded linear operators satisfying (ll.4al) and (ll.4bl) . can one write an 
analogue of the Krein resolvent formula for H/^ in terms of A and 5? We formulate 
only here the main result referring to the recent work [107] for the proof. 

Theorem 1.36. Let the assumptions of theorem \1.29\ be satisfied and A, B be 
bounded linear operators in ^ satisfying (ll.4al) and (ll.4bl) . Denote by H^'^ 
the self-adjoint extension ofS corresponding to the boundary conditions AT if = 
BT2f, then 

(1) For any ze res there holds ker-{H^^^ -z) = Y{z)ker (BQ{z) -A). 

(2) For any z G res//*^ fires //"^'^ the operator BQ(z) — A is injective and 

{H^-z)-'-{H^'''-z)-' = r{z){BQ{z)-A)-'Bf{z). (1.31) 

(3) If A and B satisfy additionally the stronger condition 

then G res {BQ{z) — A) for all z G resH^ nres//"^'^, and, respectively, 
specH^-^ \ specH^ = {z E res//° : G spec {BQ{z) -A) }. 

Note that the condition (|1.32l) is satisfied if one uses the parameterization by 
the Cayley transform (theorem 1 1.21) . i.e. A = i(l +U), B = I —U with a unitary 
U, see proposition ll.il Therefore, one can perform a "uniform" analysis of all 
self-adjoint extensions using the single unitary parameter U. Note that the above 
normalization condition is trivial for finite deficiency indices, hence the Krein 
formula has a particularly transparent form [10]. 

We note in conclusion that the resolvent formulas (11.301) and (ll.31h provide 
two different ways of working with non-disjoint extensions, and thay can be ob- 
tained one from another [115]. 
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1.4 Examples 

Here we consider some situations in which boundary triples arise. 
1.4.1 Sturm-Liouville problems 

A classical example comes from the theory of ordinary differential operators. Let 
V E L^Q^(0,oo) be real valued and, for simplicity, semibounded below. Denote by 

So the closure of the operator ~ + ^ with the domain C^(0,oo) in the space 

:= L^(0,oo). It is well-known that the deficiency indices of 5o are (1,1). Us- 
ing the integration by parts one can easily show that for the adjoint S := Sq as 
a boundary triple one can take (C,ri,r2), Tif = /(O), = f'{0). Denoting 
for z 7^ C by i//^ the unique L^-solution to -i^" -fVi/z^ = z^l^z with V^z(O) = 1 we 
arrive to the induced Krein F- field, y{z)^ = ^Wz^ ^iid the induced =2-function 
Q{z) = v4(0)' which is nothing but the Weyl-Titchmarsh function. Determining 
the spectral properties of the self-adjoint extensions of Sq with the help of this 
function is a classical problem of the spectral analysis. 

An analogous procedure can be done for Sturm-Louville operators on a seg- 
ment. In := L?-[a,b], —°° < a < b < °° consider an operator S acting by 
the rule / ^ —f" + V f with the domain dom5 = //^[a,^?]; here we assume that 
y e [a, b] is real- valued. It is well-known that S is closed. By partial integration 
one easily sees that .Yi.Yj), 



is a boundary triple for S. The distinguisged extension H ' corresponding to the 
boundary condition Y\f = is nothing but the operator —(f'/dx^ + V with the 
Dirichlet boundary conditions. 

Let two functions s{-;z),c{-;z) E ker(5 — z) solve the equation 



and satisfy s{a;z) = c\a;z) = and s\a;z) = c{a;z) = 1. Clearly, s, c as well as 
their derivatives are entire functions of z; these solutions are linearly independent, 
and their Wronksian w{z) = s\x;z)c{x;z) — s{x;z)c\x;z) is equal to 1. For z ^ 
spec//*^ one has s{b;z) 7^ 0, and any solution / to (|1.33l) can be written as 




-f" + Vf = zf, zee, 



(1.33) 



/(.;z) = ^^^l4^^.(.;z)+/(a)c(.;z), 



(1.34) 



which means that the F-field induced by the above boundary triple is 
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The calculation of f\a) and —f'{b) gives 



/ f'M \ _ , . f{a,z)\ , . _ ^ -c{b;z) 1 A 
\-nb;z))-^^'\f{b;z))^ s{b;z)\ 1 -s'{b;z))^ 

(1.35) 

and Q{z) is the induced .^-function. 

A number of examples of boundary triples in problems concerning ordinary 
differential equations as well as their applications to scattering problems can be 
found e.g. in [18,49]. 

The situation becomes much more complicated when dealing with elliptic dif- 
ferential equations on domains (or manifolds) with boundary. In this case the 
construction of a boundary triple involves certain information about the geom- 
etry of the domain, namely, the Dirichlet-to-Neumann map, see e.g. the recent 
works [16, 115] and the classical paper by Vishik [124], and the question on ef- 
fective description of all self-adjoint boundary value problems for partial differen- 
tial equations is still open, see the discussion in [54, 55] and historical comments 
in [75]; an explicit construction of boundary triples for the Laplacian in a bounded 
domain is presented in Example 5.5 in [115]. We remark that boundary triples 
provide only one possible choice of coordinates in the defect subspaces. Another 
possibility would be to use some generalization of boundary triples, for example, 
the so-called boundary relations resulting in unbounded Weyl functions [26,48], 
but it seems that this technique is rather new and not developed enough for appli- 
cations. 



1.4.2 Singular perurbations 

Here we discuss the construction of self-adjoint extensions in the context of the 
so-called singular perturbations; we follow in part the constriction of [1 14]. 

Let //^ be a certain self-adjoint operator in a separable Hilbert space J^; its 
resolvent will be denoted by R^{z), z e res//^. Denote by M\ the domain dom//o 
equiped with the graph norm, \\f\\\ = \\H^ff+\\ff; clearly, M{ is a Hilbert 
space. Let ^ be another Hilbert space. Consider a bounded linear map T : M\ — > 
^. We assume that t is surjective and that ker T is dense in 

By definition, by a singular perturbation of supported by T we mean 
any self-adjoint extension of the operator S which is the restriction of to 
domS := kerr. Due to the above restrictions, 5 is a closed densely defined sym- 
metric operator. 

It is wortwhile to note that singular perturbations just provide another language 
for the general theory of self-adjoint extensions. Namely, let S by any closed 
densely defined symmetric operator with equal deficiency indices and be some 
its self-adjoint extension. Construct the space Mi as above. Clearly, =5f := doraS 
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is a closed subspace of therefore, =^ = ^ ® ^ . Denoting =Sf by ^ and 
the orthogonal projection from ^ to =Sf ^ by T, we see the self-adoint extensions 
of 5 are exactly the singular perturbations of supported by x. At the same time, 
knowing explicitly the map T gives a possibility to construct a boundary triple for 
S. 

Proposition 1.37. The maps y{z), y{z) = (Ti?^(z))*, z G resi/° form a Krein Y- 
fieldfor {S,H^,^). 

Proof. Note that the operator A := xR^{z) '■ ^ — ^ is surjective, therefore, 
ranA* = kerA^. In other words, 

ran 7(z) = kerTi?0(z)-^ = [f e M' : xR^{z)f = O}^ 

= {{H^-z)g:Tg = 0}^ = {{S-z)g:ge domS}^ 

= ran(5-z)-^ =ker(5*-z) =: ^. (1.36) 

Let us show that y{z) is an isomorphism of ^ and .yK. First note that y{z) is 
bounded and, as we have shown above, surjective. Moreover, ker7(z) = ranA^ = 

= {0}. Therefore, 7(2) : ^ ,yV^ has a bounded inverse defined everywhere 
by the closed graph theorem, and the condition (|1.14al) is satisfied. 

The condition (I1.14bl) is a corollary of the Hilbert resolvent identity. □ 

Now one can construct a boundary triple for the operator 5* . 

Proposition 1.38. Take any ^ G res//'' and represent any f E dom5* in the form 
f = f^ + yiQF, f^ G dom//*', F e^, where 7 is defined in proposition \1.37\ 

Then (^,ri,r2), Tif = F, T2f = 2^(-^? f^)' '■^ ^ boundary triple for S*. The 
induced T-field is y{z), and the induced ^-function Q{z) has the form 

Q{z) = \zTR'{z){r{Q+r(C)) - l^R'izKCriQ + CriQ)- 

Proof. The major part follows from proposition 1 1.26[ To obtain the formula for 
Q{z) it is sufficient to see that for the function / = 7(z)(p, (p E'^^, one has = 
( 7(z) - 7( C) ) 9 and to use the property (I1.14bl) . □ 

Let us consider in greater detail a special type of the above construction, the 
so-called finite rank perturbations [8]. 

Let be as above. For a > denote by J^a the domain of the operator 
( (//O) 2 + 1 ) «/2 equiped with the norm 1 1 / 1 1 « = 1 1 ((//'') ^ + 1 ) "^V 1 1 • The space 
becomes a Hilbert space, and this notation is compatible with the above definition 
of J^i, i.e. J^i is the domain of equiped with the graph norm, and = Jff. 
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Moreover, for a < we denote the completion of M' with respect to the norm 
ll/lla = l)«/2/||- Clearly, C if a > /3. 

Take y/) G j = 1 , . . . , n. In many problems of mathematical physics one 
arrives at operators given by formal expressions of the form 

= £ ajk{Yj\-)xj/k, (1.37) 

where Ujk are certain numbers ("coupling constants"). This sum is not defined 
directly, as generically i/Aj ^ J^. At the same time, the operator H given by 
this expression is usually supposed to be self-adjoint (and then one has formally 
OCjk = OCkj)- Denote by S the restriction of to the functions / G domH'^ with 
(Yjlf) = for all j; we additionally assume that xj/j are linearly indepedent mod- 
ulo (otherwise S might become nondensely defined). Clearly, for any rea- 
sonable definition, the operators H*^ and H must coincide on the domain of S. 
Therefore, by definition, under an operator given by the right-hand side of (11.371) 
we understand the whole family of self-adjoint extensions of 5. The boundary 
triple for S* can be easily obtained using the above constructions if one set 

tf:=\ ... gC". 

\{¥n\f)J 

The corresponding F- field from proposition ! 1 .371 takes the form 

r{zK = t^M^)^ hj{z):=R\z)^fjeM', ^ = (^i,...^„)GC", 

j=i 

and the boundary triples and the ^-function are obtained using the formulas of 
proposition [L38l 

Unfortunately, the above construction has a severe disadvantage, namely, the 
role of the coefficients Uj^ in (|1.37l) remains unclear. The definition of H using 
self-adjoint extensions involves self-adjoint linear relations in C", and it is difficult 
to say what is the relationship between these two types of parameters. In some 
cases, if both H and H'^ have certain symmetries, this relationship can be found 
using a kind of renormalization technique [95, 97]. The situation becomes more 
simple if in the above construction one has G ^-\/2 ^nd H'^ is semibounded. 
In this case one can properly define H given by (|1.37l) using the corresponding 
quadratic form, 

h{f,g)=h\f,g)+ f aju{fWj){Wk\g), 

j,k=l 
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where h*^ is the quadratic form associated with H^, see [89]. Also in this case 
one arrives at boundary triples and resolvent formulas. A very detailed analysis 
of rank-one perturbations of this kind with an extensive bibliography list is given 
in [121]. 

We also remark that one can deal with operator of the form (11.371) in the so- 
called supersingular case i/Zy ^ J^-i', the corresponding operators H must be con- 
structed then in an extended Hilbert or Pontryagin space, see e.g. [51,95, 1 19] and 
references therein. 



1.4.3 Point interactions on manifolds 

Let X be a manifold of bounded geometry of dimension v, v < 3. Let A = Aj dx^ 
be a 1-form on X, for simplicity we suppose here Aj G C°°(X). The functions Aj 
can be considered as the components of the vector potential of a magnetic field 
on X. On the other hand, A defines a connection in the trivial line bundle 
XxC^X, Vji^u = du-\- iuA; by — = ^l^A we denote the corresponding 
Bochner Laplacian. In addition, we consider a real-valued scalar potential U of 
an electric field on X. This potential will be assumed to satisfy the following 
conditions: 

n 

U+ :=max(f/,0) eLf^° (X), U :=max(-C/,0) G J^LP'(X), 

(=1 

2<Pi<°o, 0<i<n; 

we stress that p, as well as n are not fixed and depend on U. The class of such po- 
tentials will be denoted by ^{X). For the case X = W one can study Schrodinger 
operators with more general potentials from the Kato class [25, 122]. 

We denote by Ha.u the operator acting on functions ^ G Cq{X) by the rule 
Ha,u^ = —^A^ + U^. This operator is essentially self-adjoint in L^{X) and semi- 
bounded below [36]; its closure will be also denoted by Ha^u- It is also known [36] 
that 

dom//A,f/CC(X). (1.38) 

In what follows, the Green function Ga,(/(x, C,) of H^^u^ i-e. the integral kernel 
of the resolvent i?A,(/(C) •= (^A.f/ — C) ^ C ^ res//A,(/, will be of importance. 
The most important its properties for us are the following ones: 

for any C, G res Ha.u, Ga.u is continuous in X x X for v = 1 n 
and in X X X \ {{x,x),x G X} for v = 2, 3; (i-^syaj 

for C G res//0 andyeX one has Ga,{/(-,j; Q G L^{xy, (1.39b) 

for any / G L^{X) and C, G res Ha u, the function x i— > 

f ^ ^ X. X J • • ' (1.39c) 

/ GA,u{x,r, Q f{y) dy IS contmuous. 
Jx 
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We remark that for any / G dom//^ f/ and C, G res Ha,u one has / = 
Ra,u{C) {Ha,u — Qf- Using the Green function we rewrite this as 



by (ll.39cl) and (11.381) the both sides are continuous functions of x, therefore, they 
coincide everywhere, i.e. 



Fix points ai, . . . , a„ G X, 7^ if j ^ k, and denote by S the restriction of 
Ha,u on the functions vanishing at all aj, j = 1, . . . , n. Clearly, due to (11.381) this 
restriction is well defined, and 5 is a closed densely defined symmetric operator. 
By definition, by a point perturbation of the operator Ha^u supported by the points 
Gj, j = 1 , . . . , n, we mean any self-adjoint extension of S. Now we are actually 
in the situation of subsubsection 1 1 .4.21 To simplify notation, we denote //^ := 
Ha,u and change respectively the indices for the resolvent and the Green function. 
Denote by T the map 



By (11.401) and (ll.39bl) . T is bounded in the graph norm of H^. Now let us use 
proposition [L37l The map tR^{z) is of the form 



Calculating the adjoint operator and taking into account the identity G {x,y;z) = 
G'^{y,x;z) we arrive at 

Lemma 1.39. The map 







Jx 



n 



r(C) : C" 9 (^1, . . . , ^ £ ^;G0(-, a,; C) C L^X) 



(1.41) 



is a Krein T-fieldfor {S,H^, C"). 
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Let us construct a boundary triple corresponding to the problem. Use first 
corollary 11.271 Choose C, E res C M; this is possible because // is semi- 
bounded below. For any / G domS* there are Fj E C such that fi^ := f — 
Y,jFjG^{-,aj;C,) E AomH^. The numbers Fj are ^-independent, and by corol- 
lary [L27l the maps 

fi/:=(Fi,...,F„), f2/=(/^(ai),...,/^(a„)) (1.42) 

form a boundary triple for 5*. Nevertheless, such a construction is rarely used in 
practice due to its dependence on the energy parameter. We modifiy the above 
considerations using some information about the on-diagonal behavior of . 

Consider the case v = 2 or 3. As shown in [37], there exists a function 
F{x^y) defined fox x^^y such that for any C, E res//° there exists another function 
G^^^{x,y \ C,) continuous in X x X such that 

G\x,y- Q = F{x,y) + „(^, C), (1-43) 

and we additionally request F{x,y) = F{y,x). It is an important point that un- 
der some assumptions the function F can be chosen independent of the magnetic 
potential Aj and the scalar potential U . For example, if v = 2 one can always 

set F{x,y) = log— — -. In the case v = 3 the situation becomes more compli- 

d{x,y) 

cated. For example, for two scalar potentials U and V satisfying the above condi- 
tions one can take the same function F for the operators Ha^u and Ha^ provided 
U — V E L^jj^(X) for some q > 3. In paritucular, for any U satisying the above 
conditions and, additionally, U E L'^^^(X), for the operator Hq u one can always 

P"^^("'^^ = 4^^- 

For the Schrodinger operator with a uniform magnetic field in M?, = (/V + 

giSx-y/2 

A)^, where V x A =: 5 is constant, one can put F(x,y) := — j r. For a detailed 

47r\x — y\ 

discussion of on-diagonal singularities we refer to our paper [37]. 

Let us combine the representation (11.431) for the Green function and the equal- 
ity domS* = domH^ + ^i^. Near each point Uj, any function / E dom5* has the 
following asymptotics: 

f{x) = fj+FjF{x,aj) +o(l), fj,Fj E C. 

Proposition 1.40. The triple (C", Ti , with Ti/ = (Fi , . . . , F„) G C" and Tjf = 

(/i , . . . , /„) E C" is a boundary triple for S*. 

Proof. Let us fix some ^resH^ fl M. Comparing the maps Fy with the maps Tj 
from (| 1.421) one immediately see Fi = Fi . Furthermore, = r2f + Bri, where 
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B is anx n matrix, 



Bjk 



^ren i^j^^j'-'C) Otherwise. 



As 5 = 5*, it remains to use proposition ll.l5[ □ 

Clearly, the map (11.411) is the Krein F- field induced by the boundary triple 
(C",ri,r2). The calculation of the corresponding ^-function Q{C) gives 



G^{aj,ak;Q if j^k, 
G%j^{aj,aj;Q otherwise. 



We note that the calculating of the =S-function needs a priori the continuity of the 
Green function (otherwise the values of the Green function at single points would 
not be defined). A bibliography concerning the analysis of operators of the above 
type for particular Hamiltonians can be found e.g. in [6]. 

The above construction can generalized to the case of point perturbations sup- 
ported by non-finite (but countable) sets provided some uniform discreteness, we 
refer to [63] for the general theory, to [7, 33, 69] for the analysis of periodic con- 
figurations, and to [22,52,77, 116] for multidimensional models with random in- 
teractions. 

For analysis of interactions supported by submanifolds of higher dimension 
we refer to [19, 42, 43, 59, 60, 113] and references therein. 



1.4.4 Direct sums and hybrid spaces 

Assume that we have a countable family of closed linear operators ijce m some 
Hilbert spaces J^fa, oc E .s/, having boundary triples (^",r",r2). Denote by 
the corresponding distinguished extensions, //^ := Salj^erpa. We impose some 
additional regularity conditions, namely, that: 

• there exist constants a and b such that for any a G ^ and fa G domS^ there 
holds \\rf^2fo^\\<a\\Safa\\+b\\fal 

1 /2 

. for any {^a' ) e ^ ^« there is (/«) G 0ae^^^, fa e domS^, with 

to: r _ e 1/2 

The above conditions are obviously satisfied if, for example, the operators Sa are 
copies of a finite set of operators, and the same holds for the boundary triples. 
Another situation where the conditions are satisfied, is provided by the operators 
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Sa = ~ + acting in L^[aa,ba] with the domains H^[aa,ba] provided that 

there are constants /i,/2,C such that li < \aa — ba\ < h and ||t/a||/^2 < C and that 
the boundary triples are taken as in subsection ll.4.1[ see [108] for details. 

Under the above conditions, the operator S := ©aei/^'a acting in := 
®ae£/ is closed and has a boundary triple Fi , Fa) , 

^:=©^«, r,:=©F« J =1,2. 

Moreover, the corresponding distinguished extension and the induced Krein 
maps 7 and Q are also direct sums, i.e., at least 

H':=®Hl jiz)=®nz). Qiz)=®Q^iz). 

ae.e/ aesi/ ae^/ 

Note that 7(2) and Q{z) are defined only for z ^ spec//^ = Uae^ spec//^. Let us 
show how this abstract construction can be used to define Schrodinger operators 
on hybrid spaces, i.e. on configurations consisting of pieces of different dimen- 
sions. 

Let Ma, a e be a countable family of manifolds as in subsubsection i 1 .4.31 
Fix several points m«j G j = 1, . . . , We interpret these points as points of 
glueing. More precisely, we consider a matrix T with the entries T(^aj)(fik) such that 
T(^aj){lik) = 1 if the point niaj is identified with m^^ (i.e. point niaj of Ma is glued 
to the point m^g^ of M^g), and T(^aj){lik) = otherwise. The obtained topological 
space is not a manifold as it has singularities at the points of glueing; we will 
refer it to as a hybrid manifold. Our aim is to show how to define a Schrodinger 
operator in such a structure. 

On of the manifolds Ma consider Schrodinger operators Ha as in subsubsec- 
tion ll.4.3l To satisfy the above regularity conditions we request that these opera- 
tors are copies of a certain finite family. For a E .s/ denote by Sa the restriction 
of Ha to the functions vanishing at all the points maj and construct a boudary 
triple (C'"",Fc<i,F«2) for 5^ as in in subsubsection ll.4.3l Clearly, as a boundary 
triple for the operator S*, S := ©ae^/'^a. in the space L?-{M) := ^aes^^^i^a) 
one take (^,Fi,F2) with ^ := e«e^C"«, F,(/«) = (F«,/a), j = 1,2. Un- 
der a Schrodinger operator on L^{M) one can mean any self-adjoint extension 
of S. To take into account the way how the manifolds are glued with each 
other, one should restrict the class of possible boundary conditions. A reason- 
able idea would be to consider boundary conditions of the form AFi = 5F2 such 
that A^^amk) = ^{aj)m = '^{ai)m = 0' assuming that each boundary 
condition involves only points glued to each other. 

The analysis of generic Schrodinger operators on hybrid manifolds is hardly 
possible, as even Schrodinger operators on a single manifold do not admit the 
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complete analysis. One can say some more about particular configuration, for 
example, if one has only finitely many pieces Ma and they all are compact [57]. 
Some additional information can be obtained for periodic configurations [30, 32]. 

One can extend the above construction by combining operators from subsec- 
tion [L4ll] and [L431 in this way one arrive at a space with consists of manifolds 
connected with each other through one-dimensional segments. 

One can also take a direct sum of operators from subsubsection i 1.4. Ti to define 
a Schrodinger operator on a configuration consisting of segments and halflines 
connected with each other; such operators are usually referred to as quantum 
graphs, and their analysis becomes very popular in the last decades, see e.g. [21] 
for the review and recent developments. 

2 Classification of spectra of self-adjoint operators 
2.1 Classification of measures 

Here we recall briefly some concepts of the measure theory. 

Let be the set of all the Borel subsets of a locally compact separable metric 
space X. A mapping /i : ^ — >^ [0, -\-°°\ is called a positive Borel measure on X 
if it is a-additive (i.e. Bj^) = ^ IJ-{Bk) for every countable family (Bj^) of 

k k 

mutually not-intersecting sets from ^) and has the following regularity properties: 

• IJ-{K) < oo for every compact K cX; 

• for every B e ^ there holds ju(5) = su-p{il{K) : K C B , K is compact} = 
inf{/i(G) : G D 5, G is open} . 

A complex valued Borel measure on X is a c-additive mapping ji : ^ ^ C 
such that the variation of jU defined on ^ by 

|Ai|(5) = supj;iAi(5fc)|, 

where the supremum is taken over all finite families (Bj^) of mutually non- 
intersecting sets Bk from ^ such that IJ^A: C 5, is a Borel measure. For a positive 
measure /i one has = /i. If < oo, then ji is called finite (or bounded) 

and is denoted also by We will denote by ^(X) (respectively, by 

^~^{X)) the set of all complex Borel measures (respectively, the set of all pos- 
itive Borel measures) on X; if X = M we write simply ^ and It is clear 
that ^(X) is a complex vector space (even a complex vector lattice) and the sub- 
set ^^{X) of all bounded measures from ^{X) is a vector subspace of ^(X) 
which is a Banach space with respect to the norm || . 
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Ona says that a measure jl is concentrated on a Borel set 5 G if = 
lx{BnS) for all B e Let jUi and jU2 be two measures; they are called disjoint 
or mutually singular, if there exists two disjoint Borel set and ^2 such that jUy 
is concentrated on Sj (j = 1,2); we will write /ii-L/i2 if Ml and /I2 are disjoint. 
The measure /ii is said to be subordinated to fi2 (or absolutely continuous with 
respect to ^2) if every I/I2I -negligible Borel set is simultaneously | -negligible. 
According to the Radon-Nikodym theorem, the following assertions are equiva- 
lent: (1) jUi is subordinated to 1x2', (2) there exists a Borel function / such that 
/ii = //i2 (in this case / G L\^^.{X,ii2) and / is called the Radon-Nikodym deriva- 
tive of ii\ with respect to /i2). If /ii is subordinated to /i2 and simultaneously /i2 is 
subordinated to /ii (i.e., if jUi and jU2 have the same negligible Borel sets), then jUi 
and jU2 are called equivalent (in symbols: jUi ~ 1x2). For a subset M c ^(X) we 
denote = {jU e ^(X) : ju±v Vv e M}; M-*- is a vector subspace of ^(X). 
A subspace M C (X) is called a Z^anJ (or a component) in ^(X), if M = M^^. 
For every subset L E J^{X) the set is a band; the band L^^ is called the band 
generated by L. In particular, if /i e ^(X), then the band {ju}^^ consists of all 
V which are subordinated to jU. Moreover, jUi is subordinated to 1x2 if and only if 
{jUi}-'--'- C {JLI2}"'""'"; in particular, jUi ~ jU2 if and only if {^\}^^ = {fl2}^^- The 
bands M and A'^ are called disjoint, if jU±v for every pair n eM and v EN. 

The family (L^)^^s of bands in ^(X) such that jU G ( [J ) implies 

jU = is called complete. Let a complete family of mutually disjoint bands L^, 
G S, is given. Then for every /i G ^(X), jU > 0, there exists a unique family 
(/i^)^£^, /i^ G L^, such that /i = sup jU^, where the supremum is taken in the 

vector lattice ^(X); /i^ is called the component of /i in L^. If, in addition, the 
family (L^) is finite, then ^(X) is the direct sum of (L^) and jl is the sum of its 
components jU^ . 

In particular, if L is a band, then the pair {L,L^) is a complete family of 
mutually disjoint bands; the component of a measure /i in L coincides in this case 
with the projection of /i onto L parallel to and denoted by jU^. The measure 
/i^ is completely characterized by the following two properties: 

• fl^ EL; 

A Borel measure jU is called a point or atomic measure, if it is concentrated on 
a countable subset 5 C X. A point s E S such that ju({*}) 7^ is called an atom for 
jU. For every set B G =^ there holds 

seBns 
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The set of all complex point Borel measures on X we will denote by ^^{X), this 
is a band in ^(Z). 

A Borel measure jU is called a continuous measure, if jU ({>$}) = for every 
s EX. The set of all continuous Borel measures on X we will denote by ^c{X). 
It is clear that ^^{X) = ^p{X), ^^{X) = ^c(^), and ^ (X) is the direct sum 
of the bands J^p{X) and J^c{X). 

Let now X be a locally compact separable metric group with the continuous 
Haar measure. We fix the left Haar measure A ; if Z is a compact space, we choose 
X to be normalized, in the case X = R we choose A to be the Lebesgue measure. 
A measure /i on X is called absolutely continuous, if it is subordinated to A and 
singular, if it is disjoint to X (it is clear that these definitions are independent on 
the particular choice of X). The set of all absolutely continuous Borel measures 
on X (respectively, the set of all singular Borel measures on X) will be denoted by 
'^ac(X) (respectively, by ^s(X)). In particular, ^p(X) C ./#s(X). It is clear that 
J^^{X) = ^ac(X), ^^{X) = ^s{X), and ^(X) is the direct sum of the bands 

^ac(^) and^s(^). 

A Borel measure jU on X is called a singular continuous measure, if it is si- 
multaneously continuous and singular. The set of all singular continuous Borel 
measures on X we will denote by ^sc(X); this is a band in ^(X). By definition 
/i e if and only if /i is concentrated on a Borel set of zero Haar measure and 
jU (S) =0 for every countable set S. 

According to the Lebesgue decomposition theorem each Borel measure jU on 
the group X is decomposable in a unique way into the sum 

where /i? e ^p(X), /i^'^ e ^ac(^), e ^sc{X). We will denote also ju'^ = 

^ac _^ ^sc ^ _^ ^sc ^Iq^ jjj^j g ^p(X), G ^s{X). 

2.2 Spectral types and spectral measures 

In this section, A denotes a self-adjoint operator in a Hilbert space J^, res A is the 
resolvent set of A, spec A : = C \ res A is the spectrum of A. For z € resA we denote 
R{z;A) := (A-z)"i (the resolvent of A). 

The first classification of spectra is related to the stability under compact 
perturbations of A. By definition, the discrete spectrum of A (it is denoted by 
spec^jigA) consists of all isolated eigenvalues of finite multiplicity, and the essen- 
tial spectrum of A, speCgj,gA, is the complement of the discrete spectrum in the 
whole spectrum: speCgj.., A = spec A \ spec^ygA. By the famous Weyl perturbation 
theorem, for a point xq G specA the following assertions are equivalent 

• CespeCessA, 
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• for every compact operator K'm^ there holds C, G speCg55(A + K). 

The second classification is related to the transport and scattering properties 
of a quantum mechanical system with the Hamiltonian H =A. For Q.E 3§ denote 

Xsii^), where Xo. is the indicator function of the subset ^2 C M; 
is the spectral projector for A on the subset CI. The mapping ^ 3 Clt-^ Pci{A) is 
called the projection valued measure associated with A (the resolution of identity). 
For every pair 9, G Jif, the mapping 

^3^1^ {(p\Pa{A)Y) = {Pii{A)(p\Pii{A)\j/) 

is a complex Borel measure on the real line M which is called the spectral measure 
associated with the triple (A, (p, i//) and denoted by /i^^y, (or more precisely, by 
l^(p,\jf{- ;^))- If <P = V^, then jifp = jifp^fp is a bounded positive Borel measure on R, 

^3a^{(p\Pa{A)(p) = \\Pa{A)(pf, 

with the norm \\ll(p\\ — \\(p\\^- Therefore, jU^,y/ is bounded and 

Moreover, supp/i^^y, C spec A. 

According to the Riesz-Markov theorem, for a bounded complex Borel mea- 
sure jU on R the following three conditions are equivalent: 

• II — li(p,\jf for some (p, G 

• for every continuous function / on R with compact support 

((P|/(A)VA)= / f{x)dii{x); 
Jr 

• for every bounded Borel function / on R 

(<p|/(A)vA)= / f{x)dii{x). 

Jr 

The following proposition is obvious. 
Proposition 2.1. For a Borel subset ^2 C R the following assertions hold: 

(1) jU,p(I2) = if and only ifP^q) = 0. 

(2) iJ,(p is concentrated on if and only ifPo.<p = <p. 
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Proposition 2.2. The following assertions take place. 

(1) il(p^xj/ and are subordinated to jlcp + fl^,; 

(2) jiacp = for every a G C; 

(3) ifii(p±ii^, then cp ± i/^; 

(4) if ii(p±Hxj/, and B = f(A) where f is a bounded Borel function, then 

(5) if H(p^^±i1y for a sequence %from ,9^, and cpn — > (p in Jif, then 
Proof. (1) For 5 e ^ we have: 

[ii^MB)Y^' = \mcp+¥)\\<\\PBm+\\PBm\, 

hence |/i,p,,^|(5) = ll,p+^,{B) = 0, if li(p+xi/{B) = 0. 

(2) Trivial. 

(3) Let 5, r G 5 n r = 0, be concentrated on S and /iy/^ be concentrated 
on T. Then, according to proposition[2Jl (9, i//) = {Ps^>,PtW) = {(P^PsPtV) =0- 

(4) Let S and T be as in item (3). Then Pscp = q), Pryr = yr. Hence Psf {A) (p = 
f{A)Ps(p = f{A)(p and we can refer to proposition l2.1l 

(5) Let 5,2, Tn G Sn n r„ = 0, /i,p,, be concentrated on Sn and jU^/ be concen- 
trated on T„. Set T = f]!^,, S = R\T. Then jifp^^ is concentrated on S for every 
n and jixf, is concentrated on T. By proposition 12. 1[ Ps^^ = PT^f = ^f■ As a 
result, we have Ps^ = cp, hence Hcp^-jlxfr by proposition [2?T1 □ 

Let L be a band in Denote = {xjr E : /iy, G L}. Then by proposi- 
tion |2]2],^ is a closed A-invariant subspace of J^. Moreover, let {L^)^^z be a 
complete family of bands in Then ^ is the closure of the linear span of the 
family of closed A-invariant subspaces Jifi^ . If, in addition, are mutually dis- 
joint then is the orthogonal sum of J^l^ . In particular, J^j^ = J^^± . Moreover, 
the following proposition is true. 

Proposition 2.3. Let (p G and (pi is the orthogonal projection of (p onto J^^. 
Then 

(1) lX(p— {l(pi^ > and is subordinated to jicp-cpi^; 

(2) 11^^ = nh,. 
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Proof. (1) First of all we show that /i,p - jU^^ > 0. Let B & ^, then {jx^ - 
HcpJiB) = \\PB(pf - WPbP^M?- Since Ml is A-invariant, PbPmi = PmlPb, 
therefore {^^-^^^){B) = ||Pb<p||2 - \\P^^PB(pf > 0. 
Further we have for fi e ^ 

(M<p-M<pz.)('6) 

= llPficpf - \\Pb(Pl\? = {\\Pb(P\\ + ||/'s(PL||)(||/'fi(p|| - \\Pb^>l\\) 

<2\\(i>\\\\PB{(p-(pL)\\=2\\(p\\ [^^.^,{B)Y'\ 

and the proof of the item is complete. 

(2) jU,p^ e L, and according to item (1) jU,p — jU,p^ e L-*-. □ 

Since Ml is A invariant, the restriction of A to Ml is a self-adjoint operator in 
Ml. The spectrum of this restriction is denoted by spec^A and is called L-part of 
the spectrum of A. 

It is clear that for a point G M the following assertions are equivalent: 

• xo e specA; 

• for any e > there exists (p e M such that IX^{xq — e,XQ — e) > 0. 
Therefore, we have 

Proposition 2.4. The following assertions are equivalent: 

• xo e spec^A; 

• for any e > there exists (p e M with jU^(xo — e,xo — e) > 0; 

• for any £ > there exists (p G Ml with /i,p(xo — e,xo — c) > 0. 

Let (L^ )^es be a complete family of mutually disjoint bands in Then 

specA = [J spec^^A . 

Let L be a band in N = L-'- and Qe If 5 n specjv^A = 0, then we say 
that A has only L-spectrum on Q. (or the spectrum of A on H is purely L). 

Denote now Mj, where j e {p, ac, sc, s, c}, the subspace M = M^.. Then the 
spectrum of the restriction of A to Mj is denoted specj A. In particular, 

• M = M^ © Muc ® Msc, therefore specA = speCp A U speCj^^ A U speCg^. A. The 
part speCpA is called the point spectrum of A, spec A is called the abso- 
lutely continuous spectrum of A and spec^^^ is called the singular continu- 
ous spectrum of A. 



39 



• — M!^ © J^, therefore specA = speCpA U spec^A. The part spec^A is 
called the continuous spectrum of A. 

• M' — ffi therefore specA = speCj^^A U spec^A. The part spec^A is 
called the singular spectrum of A. 

Consider the point part of the spectrum in detail. The set of all eigenvalues of 
A is denoted by speCppA and is called pure point spectrum of A. In particular, for 
a point xo e M the following assertions are equivalent: 

• xo e speCppA; 

• ii(p{{xo}) > for some <p G J^. 

Proposition 2.5. Let da, where a ^M., be the Dirac measure concentrated on a. 
Then for a G M and (p G the following conditions are equivalent 

(1) P{a}(P = (P; 

(2) ju^ = ||<p||25^; 

(3) Aq) = aq>. 

Proof. (1)^(2). For a G ^ we have /i,p(a) = \\Pa(pf = \\PaP{a}9f- There- 
fore, li(p{0.) — \\(p\\^, ifaeD. and li(p{0.) — otherwise. 

(2) ^(3). We have for a z G res(A) 

hence, by polarization, R{z',A)(p = {a — z)^ V- 

(3) =^(1). Indeed, P{a} = X{a} (^) and X{a} («) = !• □ 

As a corollary we have that if a is an atom for a spectral measure /iy,, then 
a G speCppA. Indeed, if jU,^({a}) > 0, then q) = P^^j ^ 0. On the other hand. 

Proposition 2.6. is the orthogonal direct sum J^p of the eigensubspaces of 

A, and speCpA = speCppA. 

Proof. It is clear that C J^. To show that D it is sufficient to prove 
that if I// ± J^pp, then /i^/ has no atoms. Suppose that i/A ± J^,p but iiy/{{a}) > 0. 
Then (p = Pj^} 7^ 0. Further, (p = (p, therefore 9 G J^p. On the other hand 

{¥,(p) = {¥,P{a}¥) = Mv/(W) > 0. 

It is clear that speCppA c speCpA. Suppose that a G speCpA. Take e > 0, then 

/ii^(a — e, a + e) > for some i/a g J^p. Hence, there is an atom s for jUy/ such that 

5 G (a — e, a + e). It remains to remark that s G speCppA. □ 
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The considered classifications of spectra are related as follows. 

• spec^^A c speCppA; 

• speCgggA is the union of the following three sets: 

(1) spec^A, 

(2) {x e ]R : X is a limiting point of speCppA}, 

(3) {x e speCppA : X is of infinite multiplicity}. 

2.3 Spectral projections 

Let X,}; e R. In what follows we will use often the identities 

Im {q)\R{x+iy; A) q)) = ^ {(p\R{x+iy;A)q)) - {R{x+iy;A)q)\(p) 

= ^ (<P| [R{x + iy;A) -R{x-iy;A)](p) ^2.1) 
= y {(p\R{x - iy;A)R{x + iy;A)] (p) 
= y\\R{x + iy;A)(pf. 

The following Stone formulas for spectral projections will be very useful, cf. 
Theorem 42 in [84]. Let -oo < a < & < +oo and 9 e M', then 

1 I fb 

2 [P[aM (P + P{a,b) <P] = 2^ [Rix + iy;A) - R{x - iy;A)\ <p dx 

b 

= lim - / \lmRix + iy;A)\<pdx (2.2) 

a 

y 

= lim — / R{x-iy;A)R{x + iy;A)^dx. 
y-»+0 n J a 

Since jU(p(n) = {(p\Pa(A)(p) = \\Pa{A)q)\\'^, we have for e R\speCpp(A) 

1 /-^ 

ll(p({a,b)) ^ ll(p{[a,b]) = lim — / lm{q)\R{x + iy;A)(p) dx 

y^+O 7t J a 



1 fb 

= lim -Im/ ((p\R(x + iy;A)(p)dx (2.3) 

y^+O K J a 

= lim - /" ||i?(x + jy;A)fl)|pJx. 

y^+o nJa 
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If fl G M and q) e then /'r^|(A)(p = —i lim yR{a + iy;A)q), therefore 

M(p({«}) = \\P{a}{A)(pf = lim y^\\R{a + iy; A) (pf. 
The following statement is known [1 1, 84] 

Theorem 2.7. Let (p G J^. For Lebesgue a.e. x G M there exists the limit 
((p|i?(jc + ?'0;A)(p) := lim {(p\R{x + iy\A)(p)\ 

this limit is is finite and non-zero a.e. and, additionally, using (|2.1I) . 

(1) = 7t^^F(pdx, where 

Fcp{x) =lm{(p\R{x + iO;A)(p) = lim y\\R{x + iy)(pf . 

(2) /i^ is concentrated on the set G M : lm{(p\R{x + iO\A)^) = oo}. 
Additionally, for —o°<a<b< +o° one has: 

(3) ji^{[a,b]) = if and only if for some p, < p < I, 

i-b 

lim / \[m{(p\R{x + iy\A)(p)Y dx = 0. 

(4) Assume that for some p, \ < p < o° one has 

sup{||Im((p|i?(- +iy;A)(p)\\p: 0<y<l}<co, 

where \\ ■ \\p stands for the standard norm in the space LP{[a,b]). Then 
^'^{{a,b))=0. 

(5) Let {a,b) fl spec^A = 0. Then there is a dense subset D C such that 
sup{|| Im((p|i?(- +iy;A)(p)\\p : < y < 1} < oo for every p, I < p < 
and every (p E D. 

(6) 11^ {{a, b)) =0 if and only if 

lim y [ [Im {(p\R{x + iy; A) (p) f dx = 0. 

y^0+ Ja 
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Lemma 2.8. Let be a smooth strictly positive function on [a,b\ and a,b ^ 
speCppA. Then 

1 

lim — Im / {q>\R{x + iy\A)^)dx 
v^+o n J a 

1 

= lim — Im / {q>\R{x + iyd{x)\A)q>)dx 

y^+O n Ja 

= lim - t \\R{x + iyd{x);A)(pfQ{x)dx. (2.4) 

v^+O K J a 

Proof. The second equality in (12.41) follows from (12.11) . so its is sufficient to prove 
the first equality only. 

Rewrite the left-hand side of (12.41) as 

f\(p\R{x + iy;A)(p)dx= I {(p\R{C;A)(p) d^ , (2.5) 

Ja Jl{y) 

where the path l{y) is given in the coordinates C, = -\- ir] hy the equations: ^ =t, 
7] =y,te [a,b]. Consider another path X{y) given by ^ =t,ri =yQ{t),t E [a,b\ 
and two vertical intervals: vi{y): t,=a,r\ between y and y0 (a) andv2(y): t,=b, 
r\ between y and yO{b). Since the integrand in (12.51) is an analytic function, we 
can choose the orientation of the intervals vi {y) and V2{y) in such a way that 

{cp\R{C;A)cp)d^= f {cp\R{C;A)cp)d^ 

+ [ {(p\RiC;A)(p)d^+ [ {(p\R{^-A)(p)dC. (2.6) 



Suppose 0(a) > 1 (the opposite case is considered similarly). Then 

'vi{y) Jy 
Let V(p be the spectral measure associated with A and (p, then by Fubini 

r.veW . pew r dv^{t) 



/ ((p|i?(C;A)(p)JC= / {(p\R{a + i7T,A)(p)d7^ 



fy^w , , , ^ ^ ry^w p dVmit) 

Im / {(p\ R( a + iri; A) (d) dri =lm / / dri 

Jy Jy jRt-a- ir] 

y(^i") ^ f dVcpit) 1 (?-a)2 + 3;20(a)2 



Using the estimate 



{t-a)^+y^ V (/'-a)2+);2 ' - ^ ^ 
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and the boundedness of V(p we obtain by the Lebesgue majorization theorem 

lim Im / {(p\R{C;A)(p)d^ = 0. (2.7a) 

y^0+ Jvi {y) 

Exactly in the same way there holds 

\imyf {(p\R{^;A)(p)dC = 0. (2.7b) 

On the other hand, 
Im/ {(p\R{C;A)(p)dC 

rb 

= lm {(p\R{x + iyd{xy,A)(p){l + iye\x))dx = h{y) + iyl2{y), (2.8) 

J a 

where, by (12.11) . 

rb 

h{y) :=Im / {(p\R{x + iye{x);A)(p)dx 

J a 

= y j \\R{x + iy9{x)\A)^\\ dx, 

J a 

rb 

hiy) :=Im / {(p\R{x + iyd{x);A)(p) e'{x)dx 

J a 

,,9 

= y \\R{x + iye{x);A)(p\\ e'{x)dx. 

J a 

Denoting c = max^f^^gj,^ 1 0'{x) | one immediately obtains {hiy) \ < c|/i (y) \ . There- 
fore, passing to the limit y 0+ in (12.81) we arrive at 

lim /i(3;) = lim Im / {(p\R{C;A)(p) d^. 

y^0+ y^0+ Jx{y) 

Substituting the latter equality, (l2.7aL and (I2.7bl) in (IZ6l) resuks in (l24l) . □ 

3 Spectra and spectral measures for self-adjoint ex- 
tensions 

3.1 Problem setting and notation 

In this section we return to self-adjoint extensions. Below 
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• 5 is a densely defined symmetric operator in ^ with equal deficiency in- 
dices in a Hilbert space M' , 

• ^:=ker(5*-z), 

• ^T\,Y'i) is a boundary triple for 5*, 

• A is a self-adjoint operator in 

• is the self-adjoint restriction of 5* to kerPi, 

• //a is the self-adjoint restriction of S* to ker(r2 — AFi); due the the condi- 
tion on A, //a and are disjoint, see Remark [l .301 

• R^{z) := forzGres//0, 

• i?A(z) := (^^A-z)"^ forzGresi/A, 

• 7 is the Krein F-field induced by the boundary triple, 

• 2 is the Krein's =S-function induced by the boundary triple. 

Recall that the resolvent are connected by the Krein resolvent formula (theorem 
[091) : 

7?a(z) =R\z)-y{z){Q{z)-t^-'f{z). (3.1) 

We are interested in the spectrum of //a assuming that the spectrum of is 
known. Theorem [l.23l and Eq. (13.11) above show the equality 

spec//A\spec//" = I^Gres//": G spec (2(£) - A) }. (3.2) 

We are going to refine this correspondence in order to distinguish between dif- 
ferent spectral types of //a in gaps of . Some of our results are close to that 
obtained in [24] for simple operators, but are expressed in different terms. 



3.2 Discrete and essential spectra 

The aim of the present subsection is to relate the discrete and essential spectra for 
i^A with those for Q{z) — A. 

Lemma 3.1. Let A and B be self-adjoint operators in and A be bounded and 
strictly positive, i.e. > c{^,^) for all ^ G domA with some c > 0. Then 

is an isolated eigenvalue ofB if and only ifO is an isolated eigenvalue of ABA. 
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Proof. Denote L := ABA. Let is a non-isolated point of the spectrum of B. 
Then there is 0„ G dom5 such that B(^n and dist(ker5, > £ > 0. Set 

= A^^^„. Then Li//„ — > 0. Suppose that liminfdist(kerL, y/„) = 0. Then there 
are i//;^ G kerL such that liminf || — i/a;^ || = 0. It is clear that = Ai//,' e ker5 
and liminf — (^^|| = liminf ||Ai//„ — Ai//^|| = 0. This contradiction shows that 
dist(kerL, > e' > and is a non-isolated point of the spectrum of L. 

The converse follows by symmetry, as A^^ is also positive definite. □ 

Theorem 3.2. For E E resH^ the following assertions are equivalent: 

(1) E is an isolated point of the spectrum ofH\; 

(2) is an isolated point of the spectrum of Q{E) — A. 

Moreover, if one of these conditions is satisfied, then for z in a punctured neigh- 
borhood ofE there holds 

|(G(z)-A) 

Proof. Clearly, one can assume that E is real. Denote Qo := Q{E), Qi := Q'{E). 
Both Qq and Q\ are bounded self-adjoint operators. By (ll.22al) there holds 
Q\ = Y'iE) y{E), therefore, Qi is positive definite. Take any r < dist(£', spec//*^ U 
spec //a \ {^})- For |z — < ^ we have an expansion 

Qiz) =Qo + iz-E)Qi + {z- Efsiz) , (3.4) 

where 5 is a holomorphic map from a neighborhood of E to L(^,^). 

(1) =^ (2). Let E be an isolated point of the spectrum of //a- Since E is an 
isolated point in the spectrum of H/^, the resolvent 7?a(z) = (^A~^)^ has a first 
order pole at z = E, therefore, as follows from the resolvent formula (|3.1I) . the 
function z ^ {Q{z) — A) ^ also has a first order pole at the same point. Hence, 
we can suppose that for < |z — £1 < r there exists the bounded inverse {Q{z) — 

a) ^ and, moreover, \\{z — E){Q{z) — A)^^|| < c for some constant c > 0. This 
implies the estimate (13.31) . By (13.41) we can choose r small enough, such that 
Qq— A+ {z — E)Qi has abounded inverse forO< |z — < r. Representing 

Qo-A+{z-E)Q, = Qf (q~"^ {Q{E) - A) Q,"^ + {z- E)l) 

we see that is an isolated point in the spectrum of Qy ^^'^ {Q{E) — A) and 
hence of Q{E) — A in virtue of lemma [311 

(2) ^ (1). Conversely, let be an isolated point of the spectrum of Q{E) — A 

1 /2 

or, which is equivalent by lemma ISTTl in the spectrum of T .= Qy {Q{E) — 



<- — for some c>0. (3.3) 
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1 /2 

a) 2 J . For sufficiently small r and < \z — E\ < r the operator M{z) '■= T + 
{z — E)I is invertible, and || (z — £')M^^(z) || < c' for these z for some constant 

1 /2 1 /2 

c'. For the same z, the operator 2o + {z — E)Q\ = Qy M{z)Qy is also 

boundedly invertible, and {z — E^[Qq—K-V{z — E^Q\) ^ < c". Hence, we can 

chose r such that Q{z) — A = — A + (z — £')2i + (z — E)^S{z) is invertible for 
< |z - £ I < r, which by (|3?2|) means that z^rQ?,Hj^. □ 

Now we are able to refine the relationship (13.21) between the spectra of and 
H\. This is the main result of the subsection. 

Theorem 3.3. The spectra ofH and H\ are related by 

spec. //a \ spec //° = ^ res//° : G spec. {Q{E) -A) | (3.5) 
with • E {pp,dis,ess}. 

Proof. By theorem [l.23r i). Eq. (13.51) holds for • = pp, moreover, the multi- 
plicities of the eigenvalues coincide in this case. Therefore, by theorem IT2l the 
isolated eigenvalues of finite multiplicities for //^ correspond to the isolated zero 
eigenvalues for Q{z)—E, which proves (13.51) for • = dis. By duality this holds for 
the essential spectra too. □ 

It is also useful to write down the spectral projector for corresponding to 
isolated eigenvalues lying in res//*^. 

Proposition 3.4. Let E E res//*^ be an isolated eigenvalue ofH/^. Then the eigen- 
projector Pa far corresponding to E is given by 

PK = y{E){^{E))-"^Il{Q!{E))-"^f{El 

where U is the orthoprojector on ker{Q'{E)y^^^ {Q{E) -A) {Q'{E))~^^^ in ^. 
Proof. Follows from the equality Pa = —Res [Ra{z) ■,z = E]. □ 

3.3 Estimates for spectral measures 

In this subsection we are going to obtain some information on the absolutely con- 
tinuous, singular continuous, and point spectra of Ha using the asymptotic be- 
havior of + iy) — a) ^ for X e M and y — > 0+. To do this, we need first an 
expression for the resolvent Ra on the defect subspaces of S. 

Lemma 3.5. Let ^, zE C\R, z^ ^, and g E domA. For (p = y{C)8 there holds 



1 



RAiz)(p = ^ [(p-riz){Qiz) - A) \q{Q -A)g 
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Proof. Substituting identities (I1.14bl) and (ll.21eD into (|37T]) we obtain: 

RA{z)cp = R'izmQg-rizmz)-A\-'f{zmQ8 
= R'iz)r{Qg~r{z)[Q{z)-A\-'f{QY{z)g 



1 



riQ8-riz){i-[Q{z)-A] 



-1 



C-z 

x(e(z)-A+A-e(C))}g 



1 



^-z 



cp-r{z){Q{z)-A)-'{Q{C)-A)g 



□ 



Theorem 3.6. Fix Co ^ C\R. Let g e domA; denote h := (2(Co) -A)^, (p 
Y{Co)S' ^'^d let jlcp be the spectral measure for Ha associated with (p. 

(1) If[a,b]c resH^ fl M and a,b ^ speCpp//A. then 



M<p([«,^]) = ||^m(^a)<p 

y 



b 1 



lim , ,„ 



{Q'{x)Y'\Q{x + iy)-A) 'h\\^dx. 



(2) For a.e. x G resH^ fl M there exists the limit 



f{x):= lim J {Q'{x)f\Q{x + iy)-A) 'h 



1 



and the function F (x) := - ,„ 
sure 11^, i.e. fl^ = F{x) dx. 



f{x) is the Lebesgue density of the mea- 



lim y 

y-'+O 



(3) For a e res//° n R the limit 

{Q'{a)y^\Q{a + iy)-Ay'h 

exists and is equal to /i^({a}). 
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Proof. We start with proving item (2). Using lemma [331 we get for y > 0: 

Ra{x + iy) (p = i (p - 7 ^- r{x + iy) [Q{x + iy) - A] ^^h, 



therefore 

y/yRA{x + iy)(p 
< 



Co-x-iy 



\Co-x-iy\ 



Y{x + iy){Q{x + iy)-A) \ 

< V^||^a(-^ + ^»<p|| + ^ ■ \ 

\Qo-x-iy\ 



Hence, if y^||^A(A: + has a limit (finite or infinite) as y ^ +0, then also 

^ rix + iy){Q{x + iy)-Ay^h 



does, and in this case 



\\m^.yy\\RAix + iy)(p\\ 



1 



\im^\\rix + iy){Qix + iy)-A) 'h\\. (3.6) 



\Co-x\ 



Let us show that, at fixed x, the finiteness of the limit (|3.6I) is equivalent to 



sup V5^ {Q{x + iy)-A) h 

0<y<l 



<^ oo . 



(3.7) 



Indeed, since 7(2) is a linear topological isomorphism on its image and is ana- 
lytic, for a given X G resH^ there exists c > such that c^^||g|| < supo<y<i ||7(-^ + 
iy)g\\ ^c\\g\\ for all ^ G ^. This shows that the conditions 

lim ^/y\\Y{x) ( Q{x + iy)- Ay ^h\\= +00 



and 



lim^ I y{x + iy) {Q{x + z» - A) ^h\\ = +oo 

are equivalent. Assume now limy^+o a/J + iy) {Qi^ + iy) — 
then for all < j < 1 one has 



< +0°, 



Vy\\r{x + iy){Q(x + iy)-A) ^ h\\ - ^\\y{x) {Q(x + iy) - A) \\ 

< v^l 1 7(-^ + iy) {Q{x + iy)-Ay\- r{x) {Q{x + iy)-Ay^h\\ 

< c\\Y{x + iy) -y{x)\ 
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where c = supo<-y<i ^/y\\ [Q{x + iy) —A) ^h\\ < oo. Thus, we have 

1 



lim ^/y RA{x + iy)(p 



1^0 —-^1 >'^+0 



lim rW(e(x + /y)-A) 'h 



. (3.8) 



On the other hand there holds 



r{x){Q{x + iy)-A)-'h 



f{x)r{x){Q{x + iy)-A) \ [Q{x + iy)-A) 'h 



,-1, 



and, due to identities y*{x)y{x) = Q'{x) and \\y{x) [Q{x + iy) - A) ^/^H^ = 

II {Q'ix)) {Q{x + iy)-Ay\f, item (2) follows from proposition O 

The proof of items (1) and (3) is completely similar to that for item (2); in the 
case of (1) one should use the norm 

\\fh = [l wmfdx) 

on the space ( [a, Z?] ; J^) in the above estimates. □ 
Below we will use the notation 

^o:=( U ker(r-C))^, .^i := ■^o^ ■ 

For a subspace L c ^ we write ^1 (L) := Uim?/o7(C)^c withX^(L) = (2(C)- 
A) ^L. Note that if spanL is dense in ^, then also (L) is, and the linear hull of 
J^oU.J^i (L) is dense in 

If V/- G e^, then 7* ( C) = for all C e C \ R. By (O), it follows i?A( C) = 
i?°(C) 1//, and hence liif,{il} = for all Borel sets Q. C resH^ fi M, where /iy, is the 
spectral measure for //a associated with Xjr. 

Proposition 3.7 (cf. Theorem 2 from [62]). Let a,b e res//°. Suppose that there 
exists a subset L C ^ with dense spanL such that 

sup|||(2(x + i» -A)"^/j|| : a<x<b,0<y <oo 

for all heL. Then (a, b) fl spec //a — 0- 
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Proof. We can assume that a,b ^ speCpp/Z^; otherwise we consider {a,b) as the 
union of a increasing sequence of intervals (an.bn), where a^bn ^ speCpp//A- 
It is sufficient to show that P(^a,b){HA)'^\{L) = 0. Let (p G ^i(L), then there 

is ^ G Land C G C\]R such that 9 = 7(^) (2(C) - A)"^^. Using lemma [33] with 
z = X + we get 



RA{x + iy)(p 



1 



(p-Y{x + iy){Q{x + iy)-K) \ 



C-x-iy 

Using (12.31) we arrive at P[a,b) (Ha) <p = 0. 



(3.9) 



□ 



Proposition 3.8. For any xq G res//^ fl M the following two assertions are equiv- 
alent: 

(1) xq^ spec Ha; 

(2) there exist £ > and a subset L G ^ with dense spanLsuch that (xq — £,a:o + 
£) C res//° and 



/■xo+e , 
lim y / (2(x + ?»-A) 

^+0 Jxo-e 



dx = 0. 



for all hE L. 



Proof. The implication (1) ^ (2) is trivial. Let us prove (2) =^ (1). 

It is sufficient to show that \\P{xo-£^o+£)(^^)^\\ = ^ ^'^^ *P ^ J^i{L). For a 
given 9 G y{QX^{L) with Im ^ 7^ we take heL such that = (2(C) - A)^, (p = 

7(0^ for some g G domA. Then the equality ||^(xo-e,xo+e)(^^)?*ll = ^ follows 
from theorem 13. 6r 1 ) . □ 

Proposition 3.9. Let a,b E resH^. Suppose that there exists a subset L C ^ with 
dense spanL such that for all h E L and x E {a,b) there holds 

snp\^^\\{Q(x + iy)-Ay^h\\ : 0<3;< l} <oo. 
Then {a,b) fl spec^H^ = 0. 

Proof Let /i,p be the spectral measure associated with ^ and Ha- It is sufficent to 
show that (a, Z?) = for all 9 G ^1 (L) . Writing any (pEJ^\ (L) in the form (p = 

7(C) (2(C) ~A) ^ g with gEL and ImC 7^ one arrives again at (13.91) . Therefore, 
for any X G {a,b) one has sup^^^p,!) V^II^a(-^ + 'J)*P|| < ^i^d supp/i^ fl (a,^) = 
by theorem[I7];2). ' □ 
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Proposition 3.10. Let xq E res//° n M. Then the following assertions are equiva- 
lent: 



(1) xq^ speCa^//^• 



(2) there exist £ > and a subset L C ^ with dense spanLsuch that {xQ — e,XQ + 

e) C res//^ and liiriy^+o \^{Qi^ + iy) ~ ^ ^h = for all h E L and for 
a.e. X E {xq — £,xq + e). 

Proof. The proof of the implication (2) ^ (1) is completely similar to that for 
proposition [321 cf. theorem [331 1) 

To prove (1) ^ (2) we take £ > such that {xq — e,XQ + e) fi speCaj,//A = 0- 
According to theorem [3^ 2) we have 



lim y 



{Q'{x)f'\Q{x + iy)-K) 'h^ 







1 /2 

for all h E'S , and it is sufficient to note that is a linear topological 

isomorphism. □ 

Proposition 3.11. Let xq G res//^. Then the following assertions are equivalent: 

(1) xoi speCpi^A,- 

(2) there exist e > and a subset L C ^ with dense spanL such that {xq — 
e,JCo + e) C res//° and \im.y^^Qy{^Q{x-\-iy) — A) h = Ofor all h E L and 
for every x E {xq — £,xq + c). 

Proof. Similar to the proof of proposition [3TT0l using theorem [3^ 3). □ 

Using propositions 13.1 01 and 13.1 ll we get immediately 

Proposition 3.12. Let xq E resH^ n spec //a- If for every e > there exists hE'^ 
such that 

• limy^^oy(^Q(x + iy) — a) ^h = Ofor all x E (xq — £,xo + e) and 

• limy^^o y/y(^Q{x + iy) — a) ^h = Ofor a.e. x E {xq — £,xo + e), 
then Xq E speCs^.i/A- 
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3.4 Special .^-functions 

In this subsection we assume that the expression Q{z) — A in the Krein forumula 
(|3.1I) has the following special form: 

n{z) 

where 

• m and n are (scalar) analytic functions at least in C \ M, 

• A is a self-adjoint operator in ^. 

We assume that m and n admit analytic continuation to some interval {a,b) C 
resH^ n M, moreover, they both are real and n 7^ in this interval. 

Below, in subsections l3.5l and l3.6l we provide examples where such a situation 
arises. Our aim is to relate the spectral properties of //a in i'^^b) to the spectral 
properties of A. In what follows we denote by ^ '■— (inf spec A, sup spec A) . 

Lemma 3.13. Ifn is constant, then m is monoton in {a,b). Ifn is non-constant and 
m'{x) = Ofor some x G (a, b), then either m{x) < inf specA or m{x) > sup spec A. 

Proof. For any / G domA consider the function ay (.jc) := — 7-t(/ {^ — mix))/ 
Using (ll.22al) we write 

cwff < (flaw) - 4w = -^11/11' - ^(/| - "-w)/ 

with some constant c > which is independent of /. 

(x^ 

For constant n one has n' = and -— > c, i.e. m' 7^ 0. 

n{x) 

lfn'^0 and m'{x) = 0, then '^^Yrs(f {A-m{x))f) > c\\ff for any /, i.e. 
the operator A — m{x) is either positive definite or negative definite. □ 

Lemma 3.14. Let Kbe a compact subset of (a, Z?) fl H )> ^hen there is yo> 
such that for x E K and <y <yo one has 

[Q{x + iy) -A)^^ =n{x + iy)L{x,y)[A-m{x)-iym'{x)]^^, (3.11) 

where L{x,y) is a bounded operator and \\L{x,y) — > uniformly with respect 
to X E K as y Q. 
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Proof. We have (^Q{x + iy) — A) ^ = n{x + iy) (A — m{x + iy)) ^ . Further, A — 
m{x + iy) =A — m{x) — iym'{x)+B{x,y), where \\B{x,y)\\ = 0{y^) uniformly with 
respect toxEK. Since m' (x) 7^ for x e A" by lemma [3T3l the operator A — m{x) — 
iym'{x) has a bounded inverse defined everywhere, and 



A — m{x + iy) = [a — m{x) — iym {x)^ I + {A — m{x) — iym {x)^ ^B{x,y) 



It is easy to see that ||(A — m(x) — /jm'(x)) ^|| =0(|y| ^) uniformly with respect 
io X E K. Therefore, for sufficiently small y, 

[A-m{x + iy)Y^ = [l + Bi{x,y))^^ [A-m{x) -iym'{x)]^^ 
with ||5i(j[:,3;)|| = uniformly with respect tox e K. □ 

Lemma 3.15. Fix ^0 with Im^o 7^ and let he cp = 7(Co) (2(Co) — A) ^h. 
Denote by the spectral measure for the pair {Hj^, (p) and by v the spectral 
measure for the pair {A,h). There is a constant c > with the following property: 
for any segment K := [oc,/3] C {a,b) nm^^( ^ ) such that a,/3 ^ speCpp//A there 
holds ^{K) <cv{m{K)). 

Proof. Note first that m' 7^ on [ci;,/3]. To be definite, we suppose m' > 0. Ac- 
cording to theorem [3]6tl) and lemma [37141 we have 

H{K)^ lim ^ / ^-i^\\(Q\x)Y^^(A-m{x)-iym'{x)y^hfdx. 
y~*+o n Jk \(^o—M 

Substituting ^ := m{x) and denoting := m'(m^^((^)) we arrive at 

n(m"i(^))' 



lim — 



y^+O 7t Jm{K) t{^) -ICo-m ^ 



X 



[Q'{^-\^))y^\A-^-iyx{^))-'hfd^. 



Since 



/ 

J m 



(K) T(^)-iCo-m-i('^; 



Jm(K) 



where c is independent of K, we obtain the result with the help lemma [Z8l □ 
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Here is the main result of the subsection. 



Theorem 3.16. Assume that the term Q{z) — Kin the Krein resolvent formula (13.11) 
admits the representation (13.101) . then for any xq G spec //a H {<^-,b) and any • G 
{dis, ess,pp,p, ac, s, sc, c} the conditions 

(•) Xq G spec.i^A, 
(m-«) m{xQ) G spec, A 

are equivalent. 

Proof. For • = pp, dis, ess see theorem [33l As m is a homeomorphism, the same 
holds for speCp = speCpp. 

For • = ac use the following sequence of mutually equivalent assertions: 

• m(xo) ^ speCa^A, 

• There is a neighborhood V of m(xo) such that y|| [A — ^ — — ^ 
for all G y and hE^ (use item 1 of theorem [2771) . 

• There is a neighborhood of .JCo such that jII + —A)^^)/z|p ■^—^ 
for all G and /? G ^ (use lemma [3T4l and replace iym'{x) at any fixed x 
by iy), 

• Xq ^ spec^^.//A (proposition 13. 101) . 

Assume now m{xo) G spec^^A. There exists a neighborhood V of m{xo) such 
that for some h E'^^ we have v^'^{V) = vj^(y) = 0, where v stands for the spectral 
measure for A. Using lemma [3T4l and theorem [TTI one can see that there exists a 
neighborhood W of xq such that limy^+oj^ll (Qi^ + iy) — A)^^h\\^ = for all.x; G 
W and limy^^oy\\{Q{x + iy) —A)^^h\\^ = for a.e. x eW. By proposition 13. 121 
this means that xq E spec^^. (//a) • Hence, we prove (m-sc)^(sc). Since spec^A = 
speCpA U spec A, we prove also that (m-s)^(s). 

Let now m{xo) ^ spec^A. To show thatxo ^ spec^H/^ it is sufficient to consider 
the case m{xo) E specA \ spec^ A. Then by theorem XIII.20 from [1 17], there exist 
a dense subset L C ^ and a neighborhood V of m(xo) such that 

sup{||(A-(^ -/3;)"^/z|| : <y < I, eV} < oo 

for all h E L. We can assume without loss of generality that m'{xo) > 0, then by 
lemma [3T4l we have for a neighborhood W of xq and for some yo,yo > 0, 

sup{^\\{Q{x + iy)-Ay^h\\: < y < jo, xEW} <oo^ 
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and xq ^ speCj, //a by proposition |3.9[ Thus, the equivalence (s)<(=^(m-s) is proven. 

Now we prove the impication (sc)^(m-sc). Assume that xq E spec^^.{H/^) but 
m{xo) ^ speCgc^- Denote the spectral measure for A by v and that for //a by 
/i, then there is an interval / containing xq such that for J = m{I) there holds: 
Vy^'^(7) = for all hE'^. According to lemma [3TT5l if X is a Borel subset of / such 
that Vh {m{X)) = for all h, then also /i(p(X) = for all (p G In particular, let 
X be a Borel subset of / of zero Lebesgue measure and containing no eigenvalues 
of Ha- Then m(X) is a Borel subset of J which contains no eigenvalues of A 
and also has the Lebesgue measure zero. Therefore V/,(m(X)) = 0, and hence 
/i(p(X) = 0. We see, that the restriction of il(p to / is mutually singular with each 
singular continuous measure on /. Hence, it is true for jifp with each cp E J^. This 
contradicts to the assumption jcq E sp&c^^Ha, and the implication (sc)==»(m-sc) is 
proven. 

The equivalence (c)-<^(m-c) follows from (sc)<J=^(m-sc) and (ac)-^(m-ac). □ 

We note that theorem 13.161 may be considered as an abstract version of the 
dimension reduction: we reduce the spectrum problem for self-adjoint extensions 
to a spectral problem "on the boundary", i.e. in the space 

3.5 Spectral duality for quantum and combinatorial graphs 

We have already mentioned that the theory of self-adjoint extensions has obvious 
applications in the theory of quantum graphs. Here we are going to develop the 
results of the recent paper [109] concerning the relationship between the spectra 
of quantum graphs and discrete Laplacians using theorem I3.16[ Actually, this 
problem was the starting point of the work. 

Let G be a countable directed graph. The sets of the vertices and of the edges 
of G will be denoted by V and E, respectively. We do not exclude multiple edges 
and self-loops. For an edge e E E we denote by le its initial vertex and by Te its 
terminal vertex. For a vertex v, the number of outgoing edges (outdegree) will be 
denoted by outdegv and the number of ingoing edges (indegree) will be denoted 
by indegv. The degree of v is degv := indegv + outdegv. In what follows we 
assume that the degrees of the vertices of G are uniformly bounded, 1 < deg v <N 
for all V G y, in particular, there are no isolated vertices. Note that each self-loop 
at V counts in both indegv and outdegv. 

By identifying each edge e of G with a copy of the segment [0, 1], such that 
is identified with the vertex le and 1 is identified with the vertex Te, one obtain a 
certain topological space. A magnetic Schrodinger operator in such a structure is 
defined as follows. The state space of the graph is ^ = ©^^^ ^ = [0, 1] , 
consisting of functions / = (/g), G On each edge consider the same scalar 
potential U E L^[0, 1]. Let ag E C^[0, 1] be real- valued magnetic potentials on 
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the edges e E E. Associate with each edge a differential expression Lg := {id + 
UeY + U . The maximal operator which can be associated with these differential 
expressions acts as {ge) ^ (Lege) on functions g G 0//^[0, 1]. The integration by 
parts shows that this operator is not symmetric, and it is necessary to introduce 
boundary conditions at the vertices to obtain a self-adjoint operator. The standard 
self-adjoint boundary conditions for magnetic operators are 

^e(l) = ghiO) =: ^(v) for all b,e E E with ib= xe = v, 
£ {g'M-iae{0)ge{0))- £ (/,(l)-/a,(l)^,(l)) = a(vMv), 

e:le=v e:Te=v 

where a{v) are real numbers, the so-called coupling constants. The gauge trans- 
formation ge{t) = exp (^i J ae{s)ds^fe{t) removes the magnetic potentials from 
the differential expressions, [{id + a^)^ + U)ge = —fj + U fe, but the magnetic 

field enters the boundary conditions through the parameters j8 (e) = / ae{s) ds in 

Jo 

the following way: 

e'/^W/,(l) =/^(0) =:/(v) for Sill b,e e E with lb = xe^v, (3.12a) 

/(v):= I m- £ e'^W/;(l) = a(v)/(v). (3.12b) 

e:le=v e:Xe=v 

The self-adjoint operator in ^ acting as (/g) ^ {—fe +Ufe) on functions {fe) E 
0//^[0, 1] satisfying the boundary conditions (I3.12al) and (I3.12bl) for all v G V 
will be denoted by H. This is our central object. 

To describe the spectrum of H let us make some preliminary construc- 
tions. We introduce a discrete Hilbert space 1^{G) consisting of functions on 
V which are summable with respect to the weighted scalar product {f,g) = 
degv/(v)^(v). Consider an arbitrary function /3 : £ ^ M and consider the 
corresponding discrete magnetic Laplacian in 1^{G), 

AGh{v) = -^( £ e-'l^^'h{xe) + £ e'^(^)/z(le)) . (3.13) 

degV ^e:le=v e:le^v ^ 

This expression defines a bounded self- adjoint operator in 1^{G). 

Denote by D the Dirichlet realtizetion of —d^/dt^ + U on the segment [0, 1], 
Df=-f" + Uf, domD = {/G//2[o,l] : /(O) = /(I) =0}. The spectrum of D 
is a discrete set of simple eigenvalues. 

For any z E C denote by s{-;z) and c{x;z) the solutions to — + Uy = zy 
satisfying 5(0; z) = c'{0;z) = and s'{0;z) = c{0;z) = 1. Introduce an extension 
of H, n, defined by domD = {/ G ©//^[0, 1] : Eq. (irT2al) holds} and n{fe) = 
{—fe +Ufe). The following proposition is proved in [109]. 
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Proposition 3.17. The operator n is closed. For f E domn put 



ri/=(/(v)),,^, r2/=( 



degv/ vev 



with /(v) and f'{v) given by (I3J21) . then {f{G),Yi,Y2) is a boundary triple for 
n. The induced T -field y and ^-function Q are of the form 

{y{z)h){x) = —3— \h{ie) {s{l-z)c{x-,z)-s{x-,z)c{\-,z))+e-'^^'h{%e)s{x-,z) 

and 

Q{z)f{y) = degv!(l-z) (^^~ [outdegvc(l;z)+indegv/(l;z)])/(v). 

Now let us make some additional assumptions. We will say that the symmetry 
condition is satisfied if at least one of the following properties holds: indegv = 
outdegv for all v G V or i7 is even, i.e. l]{x) = l]{\—x). 

The following theorem provides a complete description of the spectrum of the 
quantum graph U outside specD in terms of the discrete Laplacian Ag. 

Theorem 3.18. Let the symmetry condition be satisfied and the coupling constants 
aiy) be of the form aiy) = a, then spec,A\specD = 77^^(spec, Ag) \ 

specD for • e {dis,ess,pp,p,ac,s,sc,c}, where r}{z) = ^ ^/(l;z) + c(l;z) + 

as{\;z] 

Proof. Let the symmetry conditions be satisfied. If U is even, then s'{l;z) = 
c(l;z). If outdegv = indegv for all v, then outdegv = indegv = - degv. In both 

cases one has Q(z) = — - — ^ ^ '^^ (see [109] for a more detailed dis- 

2s{l;z) 

cussion). The operator// itself is the restriction of IT to the functions / satisfying 
r2 = y^i/ with Fi 2 from proposition 13. 171 The restriction of S to kerPi is 

nothing but the direct sum of the operators D over all edges. By theorem [L29l the 
resolvents of H and Hq are related by the Krein resolvent formula and, in particu- 
lar, the corresponding term Q(z) — A has the form Q(z) —A= ^ ^[^\ and we 
are in the situation of theorem l3.16[ □ 
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3.6 Array-type systems 



Another situation in which theorem [3.161 becomes useful appears when the 2- 
function is of scalar type [5], i.e. when Q{z) is just the multiplication by a certain 
complex function; such functions are of interest in the invesre spectral problem 
for self-adjoint extensions [23]. In this case the representition (|3.10l) holds for any 
self-adjoint operator A, and one has 

Proposition 3.19. Let Q be of scalar type, then for any A there holds spec, //a \ 
spec//*^ = 2^^(spec,A) \spec//*^ with • e {dis,ess,pp,p,ac, s, sc,c}. 

In other words, the nature of the spectrum of the "perturbed" operator //^ in 
the gaps of the "unperturbed" operator is completely determined in terms of 
the parameter A. 

Scalar type ^-functions arise, for example, as follows. Let be a separable 
Hilbert space and Sq be a closed symmetric operator in Mq with the deficiency 
indices (1,1). Let (C,rj,r2) be a boundary triple for the adjoint 5q, and 7o(z) 
and q{z) be the induced F-field and ^-function. Let D be the restriction of Sq to 
kerPj; this is a self-adjoint operator. 

Let £/ he a certain countable set. Consider the operator S := 0«£^5'a in the 
space := ^aes/'^e, where — =^ and Sa = Sq. Clearly, (Z^(^/),ri,r2) 
with ri(/c{) = (Fj/a) and r2(/a) = (Lj/a) becomes a boundary triple for 
S*. The induced T-field is 7(z)(<^a) = {Yo{z)^a) and the ^-function is scalar, 
Q{z) = ^(z)id. It is worthy to note that the corresponding operator which is 
the restriction of S* to kerPi, is just the direct sum of the copies of D over the 
set and, in particular, spec//^ = specD. Proposition 13 . 191 becomes especially 
useful if the spectrum of D is a discrete set, then the spectrum of //a is (almost) 
completely determined in terms of the parameterizing operator A. 

The models of the above type can be used for the construction of solvable 
models for array of quantum dots and antidots. One of pecularities of such arrays 
is that they involve the miscroscopic properties of a single point as well as the 
macropscopic properties of the whole system. We consider for technical simplic- 
ity two-dimensional periodic arrays in a uniform magnetic field orthogonal to the 
plane of the system. For a large class of such models we refer to [64]. 

Let a 1, 32 be linearly independent vectors of and be the lattice spanned 
by them, £^ := Zai + Za2. Assume that each note a of the lattice is occupied 
by a certain object (quantum dot) whose state space is Jifa with a Hamiltonian 
Ha (their concrete form will be given later). We assume that all quantum dots are 
identical, i.e. J^a '■= ^y^. Ha = Hq. The system is subjected to a uniform field 
orthogonal to the plane. 

In our case, the inner state space will be L^(]R^) . The Hamiltonian Hq will 
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be taken in the form 



I ^ -f \2 / d .f \2'] (0^/2 2\ 



Here is the number of magnetic flux quanta thorugh a unit area segment of the 
plane, and CO is the strength of the quantum dot potential. Note that the spectrum 
of is pure point and consists of the infinite degenerate eigenvalues 



Em„ = ^{n + m+l)Q. + {n-m)^, Q.:^2^J n^t,'^ -\- (0^, m,neZ, m,n>0. 

The Hamiltonian H := ©ae^//a, describe the array of non-interacting quan- 
tum dots. To take into account the interdot interaction we use the restriction- 
extnesion procedure. Namely denote by Sa the restriction of Ha to the functions 
vanishing at the origin. As we have shown in subsubsection i 1.4.31 these operators 
are closed and have deficiency indices (1,1). Respectively, one can construct the 
corrsponding boundary triples for S^. Namely, for /« G dom5^ we denote 



a{fa 



lim--^/«(r), b{fa) :=lini [/(r)-Fa(/a)^log|r|]. 

r^O log \r\ r^O L 7t 



Accoriding to the constructions of subsubsection ll.4.3l (C,a,Z?) form a boundary 
triple for S%, and the corresponding =S-function is 

where i/a is the logarithic derivative of the F function and Ce is the Euler constant. 
Respectively, the triple (/^(■(2/),ri,r2) with 

ri(/«) :=(«(/«)), r2(/«):=(M/«)), 

is a boundary triple for the operator 5*, 5 : = 05ce, and the induced =S-function is 
the multiplication by q{z). 

The above defined operator H corresponds exactly to the boundary condition 
Tif = 0. For a self-adjoint operator L in f-{£^) denote by Hi the self-adjoint 
extension of S corresponding to the boundary conditions Y2f = LY\f. This op- 
erator will be considered as a Hamiltonian of interacting quantum dots, and the 
way how different nodes interact with each other is determined by the operator L. 
To avoid technical difficulties we assume that L is bounded. Furthermore, L must 
satisfy some additional assumptions in order to take into account the nature of the 
problem. 
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First, any reasonable definition of a periodic system with magnetic field must 
include the invariance under the magnetic translation group. In our case this 
means that the matrix of L in the standard basis of Z^(^) satisfies 

L(a,a + /3) =e'''^"^^L(0,/3) for any a,/3G^/. 

Second, we assume that only the nearest neighbors interact with each other, i.e. 

{Ai, a = ±ai, 
A2, a = ±32, Ai,A2GM\{0}. 
0, otherwise. 

Roughly speaking, the above assumptions mean the following: each node interact 
a with the four nearest nodes a ±aj, j = 1 , 2, and the interaction is independent of 
a. For further analysis it is useful to idenitfy l^{£/) with f'{l?) by (/,3iai+)i2a2) ~ 
(/(ni , ^2)) , ni , ^2 G Z. Then the operator L acts as follows: 

L/(ni,n2) = L(77)/(ni,n2) = Ai - l,n2) +^-'^""^("1 + 1,'^2)] 

+ A2[e-''^''"'/(ni,n2-l)+e™/(ni,n2 + l)], T] = ^aiAa2. 

This operator L{r\) is well-known and is called the discrete magnetic Laplacian, 
and using proposition 13.191 we can transfer the complete spectral information for 
L to the Hamiltonian of quantum dots H^. One of interesting moments in the 
spectral analysis of L is the relationship with the almost Mathieu operator in the 
space Z2(Z) [120], 

M(7],0)/H=Ai[/(n-l)+/(n+l)]+2A2COs(2;rr]n + 0)/(n), 0e[-n,n). 
In particular, 

specL(r]) = (J specM(T],0). 

Elementary constructions of the Bloch analysis show that the spectrum of L(77) is 
absolutely continuous and has a band structure. At the same time, for irrational 
77 the spectrum of M{ri,6) is independent of and hence coincides with the 
spectrum of L{r}). It was shown only recently that the spectrum of M(77, 6) is a 
Cantor set for all irrational 77 and non-zero Ai, A2, see [14]. Using our analysis 
we can claim that, up to the discrete set (a more precise analysis shows 

that these eigenvalues are all in the spectrum of the array) we can transfer the 
spectral information for L(t] ) to the array of quantum dots; in particular, we obtain 
a Cantor spectrum for irrational rj due to the analyticity of the ^-function. 
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4 Isolated eigenvalues 



4.1 Problem setting 

In the previous sections we have analyzed the part of the spectrum of the "per- 
turbed" operator //^ lying in the resolvent set of the "unperturbed" operator 
H^. If £■ G specH^, then, in general, it is difficult to determine whether or not 
E E spec //a- Nevertheless, if E is an isolated eigenvalue of H^, then the question 
whether E in the spectrum of H\ becomes easier in comparison with the general 
case. (Examples of subsections 13.51 and 13.61 show that this situation is rather typi- 
cal for applications.) In this section we give a necessary and sufficient condition 
for such an E to be an isolated eigenvalue of //a and completely describe the cor- 
responding eigensubspace of //a (theorem 14.71) . For simplicity, we consider only 
the case of bounded self-adjoint operator A in ^ . 

In addition to the notation given in subsection l3.1l in this section £^ denotes an 
eigenvalue of with the eigensubspace (which can be infinite-dimensional), 
denotes the orthoprojector on . We denote by l^(e^) the set of all open balls 
centered at and such that spec//° nff = {e^}. By GL(^) we denote the set 
of bounded linear operators in ^ having a bounded inverse. If G y{e^), then 
K((^;^) denotes the space of all analytic mappings V : & ^ GL(^) such that 
y(e^) = / and V*{z) = V^^{z) (the latter condition is equivalent to the following 
one: V{z) is a unitary operator for z G M fl ff). 

4.2 Auxiliary constructions 

Further we need the following lemma. 
Lemma 4.1. For any z, ^ G res//° there holds: 

(1) pOjK, = P^^i^; 

(2) J^^n dom//A = ^0 n = J^^ e van p^YiC); 

(3) ker7*(z)P°7(z) =kerP°7(^), i.e., the restriction ofy*{z) to ranPoTl?) is 
an injection. In particular, dimran7*(z)/'*^7(z) = dim ran /''^/(z). 

Proof. (1) Recall that = — zlimg^^o 8eP{£^ + i5) in the weak operator topol- 
ogy. By (|1.14bl) . for any 5 > one has 

r(z) + (e«+/5-z)7?0(eO+/5)r(z) = r(C) + (e° + /5-C)i?^(e« + /5)r(C). (4.1) 
Multiplying (14. 1|) with 5 and sending 5 to we arrive at 

(£«-z)/'V(z) = (e«-C)/'VC)- (4.2) 
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Now it is sufficient to recall that ,jY^ = ran 7(2) for all z G res// . 

(2) Let (j) e Jif^ n dom//A and 1// e As //° and //a are disjoint, G dom5 
and S(l) = e^(j). There holds (e^ -z)(0|v/') = ((S-l)(^| y/-) = ((^)|(5* -z)!//) = 0. 
Hence ^ _L 

Conversely, let G n By (ll.21dL 7*(z)0 = 0. As follows from 

the Krein resolvent formula (|37T]) . (e° -f)"^0 = R^{z)(l) = /?A(f)^ G dom//A. 
Hence, ^ G dom//A, and the first equality is proved. The second equality follows 
immediately from the relations: (a) for any ^ G and i// G ^ one has (0 1 V^) = 
((|),/'V)> (b) ^ = ran7(z), (c) ran^VW = ran 7(C)- 

(3) Let 7*(z)/''^7(C)^ = 0. By (fTITdl) . /''^7(C)^ ^ According to (gj), 
^*^7(C),? -L It follows from the second equality in item (2) that P^fiQs -L 
ran pVO- Hence /'°7(?)^ = 0- □ 

The item (3) of lemma l4~n can be generalized as follows. 

Lemma 4.2. Let £j, j = 1, . . . ,m, be distinct eigenvalues ofH'^, be orthopro- 
jectors on the corresponding eigensubspaces and 

m 

Then {I — P)y{z) is an injection for any z G res//*^. 

Proof. Let {I - P)xir = where i// = 7(z)0 for some z G resH^, G ^. Then 
x^r = Px^f G dom//° and, therefore, H^\ir = zi//. Hence i// = and ^ = 0. □ 

In what follows zo denotes a fixed number from res//^, xq := Rezo^ yo Ihizoj 
L := y{zo). Recall that L is a linear topological isomorphism on the deficiency 
subspace := C J^. 

Since, by definition, 7(2) = L+ {z — zo)R^{z)L for any z G resH^, the point e° 
is either a regular point for 7 or a simple pole with the residue 

Res [7(z) : z = = (zo - e^)P^L . (4.3) 

Similarly, as Q{z) = C + (z - xo)L*L + (z - zo) (z - zo)L*R^{z)L, with a bounded 
self-adjoint operator C (see proposition 1 1.201) . the point e° is either a regular point 
for 2 or a simple pole with the residue: 

Res[e(z) :z = £^]= -\£° - zo\^L*P^L. (4.4) 

From the equality ||/'*^L^|p = {L*P^L^\^) one easily sees that kerP^L = 
ker L*P°L (see also Lemma 0:3)). In particular, P^L = if and only if L^P'^L = 
0, and there are simple examples where P^L = 0. Moreover, the following lemma 
holds. 
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Lemma 4.3. Let ^ and he two Hilbert spaces and A : —>■ J^2 be a 
bounded linear operator. Then the two conditions below are equivalent: 

(1) ranA is closed; 

(2) ranA*A is closed. 

In particular, mnP'^L is closed if and only ifmnVP^L is closed. 

Proof. Condition (1) is satisfied if and only if there is a constant c > such that 
11^0 II > (^W^W for ^ ^ (kerA)^. On the other hand, condition (2) is satisfied 
if and only if there is a constant c' > such that (A*A0| 0) > c'||(^|p for all G 
(kerAM)^. Since kerAM = kerA, we get the result. □ 

Now we denote by := ke.xL*P^L C ^, ^1 := The orthoprojectors of 
^ on % (respectively, on ^1) are denoted by (respectively, by 111). If A is a 
bounded operator in ^, then we write A^ := TlrATlr, and this will be considered 
as an operator in If z G res//*^, then 7, (z) denotes the operator {I — P^)'Y{z)^r 
acting from to (to avoid a confusion with the previous notation, we suppose 
without loss of generality ^ 7^ ^). Further, we denote by ^ the subspace (/ — 
P^)Jf and by the part of in clearly, G resH^, and both the mappings 
Yr and Qr have analytic continuation to e^. Finally, denote = ker (^^(e*^) — A^) , 
and^2 = ^re^3. 

Lemma 4.4. There exists a closed symmetric densely defined restriction Sr ofH^ 
such that Yr is a Krein Y -field for the triple (Sr^H^^'^r), cind Qr is a Krein ^- 
function associated with this triple and Yr- 

Proof. We use proposition 1 1.1 81 Since and commute for all z G res//^, 
it is clear that Yr satisfies the condition (I1.14bl) . Further, zo belongs to res //° and 

Yr{Z0)^{I-P0)LUr. 

Let us show that the subspace := ran7^(zo) is closed. Let G 
such that := {I — P^)L(^n converge to some ^f G J^r- Since 0„ G one has 
L*P^L(j)n = 0, hence P^L(j)„ = 0. On the other hand, L0„ G by definition of L. 
Denote the orthoprojector of onto ^ by P, then we have Pi//,, = L^„, hence 
L^n converge to Pxjr. Therefore, the sequence {L*L^„) converges to L*P\ir in ^. 
Since L*L is a linear topological automorphism of ^, there exists lim^,, and this 
limit belongs to because is closed. Thus, Xjr G and is closed. 

By lemma HTIT S). 7r(zo) is injective. By the closed graph theorem, Yrizo) is a 
linear topological isomorphism of % onto yi^'. 

Now we show that ,yi^' D domH^ = 0. It is sufficient to show that ((/ — 
P^)J^) ndom//0 = 0. Let \{r G {{I - P^),J^) ndomH^. As yr e {I - P^)J^ , 
we have V' = ^ —P^<p for some ^ G Jt^ . Since \{r,P^^ G domH^, <p G dom//*^. 
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Hence ^ = and Xjr = 0. Thus, by proposition II .ISi there exists a closed sym- 
metric densely defined restriction of such that Yr is a F-field for the triple 

Since Q{z) = C — iyoL*L +{z — zo)L* y{z) with a bounded self-adjoint operator 
C in ^ (propo sition 1 1 . 201) . we have 

Qr{z) = UrCUr - iyoUrL* LU^ + {z - Zo)UrL* Y{z)Ur 

+ {z- zo)n,L* (/ - P^) Y{z)n, - iyoU^VP^LUr 

-t-(z-io)n,L*/'V(z)n,. 

Now we use the equations 

UrL*P^LUr = n,L*/'V(z)n, = O . (4.5) 

The first one follows from definition of H,-, to prove the second one we note that 

Y{z) =L+{z- zo)R^iz)L, therefore 

n,L*/'V(z)n, = ^^UrL*p^LUr = 0. 

e" — z 

From (|4.5I) we obtain 

Qr{z) =C'- iyo t (zo) yAzq) + - z^)fAz^) lAz) , 

where C' = n,.Cn^ is a self-adjoint bounded operator in Hence, Qr is the 
Krein ^-function associated with the F-field Yr- n 

To prove the main result of the section we need the following lemma. 

Lemma 4.5. Let S be an analytic function in the disk D = {z G C : |z| < r} with 
values in the Banach space of all bounded linear operators L(^) such that there is 
a bounded inverse ^ (z) for all zfrom the punctured disk D \ {0} and the function 
S^^{z) is meromorphic. Ifker 5(0) = 0, then Sq := S{0) has the bounded inverse 
(and, therefore, has an analytic continuation to the point of the disk). If Sq 
is self-adjoint and is a pole at most of first order for S^^{z), then ran5o is closed, 
i.e. there is a punctured neighborhood ofO which has no point of spec Sq. 

Proof. Consider the Laurent expansion 

oo 

S-\z)= £ T„z\ 
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where m is a natural number. If m < 0, the lemma is trivial. Suppose m > 0. Since 
S{z)S~^{z) = I for all z, we have SoT^m = 0- Let ker^o = 0, then = 0, and 
by recursion, r„ = for all n <0. Then ^oTq = TqSq = I and the first part of the 
lemma is proved. 

Let now m = 1. Then SqT^i = and r_i5i +ro5o = /, where Si = S'{0). This 
implies 5o7b5o = Sq. Let x G ranSo, then SqTqx — x. Since ranSo C (kerSo)^, 
there is a linear operator A : ran So — > ran So such that ASqx = x for all x e ran So . 
From SqTqx = jc we have A = Tq, i.e. A is bounded. Hence, there is c > such that 
11-^11 < cll^oxll for all X e ran^o and hence for all x e (kerSo)"*". □ 

Remark 4.6. If is a second order pole for (z), then the range of Sq can be 
non-closed. For example, let A be a self-adjoint operator in a Hilbert space J^f 
such that ran A is non-closed. Let ^ = M' © M', and S{z) is defined as follows 



4.3 Description of eigensubspace 

Theorem 4.7. Let he an isolated eigenvalue ofH^ and ran P^L be closed. Then 
the following assertions are mutually equivalent. 

(1) There exists a punctured neighborhood of that contains no point of 
speci^A (in particular, if E spec //a. then is an isolated point in the 
spectrum ofH\). 

(2) The operator Q{z) — A has a bounded inverse for all zfrom a punctured 
neighborhood of e^. 

(3) ran (<2r(e^) — A^) is closed. 

(4) There is a punctured neighborhood ofO which contains no point from the 
spectrum of the operator Qri^^) — A^. 

Let one of the condition (l)-(4) be satisfied. Then the eigensubspace 
M"^ := ker(i^A - e°) is the direct sum, M'^ = © ^ew, where = n 
domi^A = n dom5, J^ew = Yrie^) ker [Qr{e^) - A,] and dim q j^^^ ^ 
dim^f 0^^. Therefore, E specH\ if and only if at least one of the following 
two conditions is satisfied: 



S{z) 



A z 
z 



Then 



j_ r z 

z2 z -A 
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• ker[e,-(e°)-Ar] 7^{0}. 



Remark 4.8. Since J^^ n dom//A = n dom5, the component J^m of 
ker(//A — is independent of A, i.e. this part is the same for all extensions 
of S disjoint to H^. On the other hand, the component J^ew depends on A. 
Remark 4.9. Clearly, ranP^L is closed, if the deficiency index of S or dimJ^*^ 
are finite (this simple case is very important in applications of theorem 14771) . To 
show that the assumptions are essential for infinite deficiency indices, we provide 
here an example when the range of P^L is not closed. 

Let J^k = /^(N) for = 0, 1, . . . and let {ei^)n>Q be the standard basis in 

)m>o- Denote by the self-adjoint operator in ^ which is deter- 
mined by H^^ei^ = {n-\- \/2)ei^ . Choose a G Mq such that ||a|| = 1, {a\ e^^) = 0, 
a ^ ^{Hq), and set a^^^ = a. Consider in the one-dimensional subspace Nk 

generated by e^^^ + {k+ l)a^'^\ Fix ^ C \ M. By Proposition 11.181 there exists 
a symmetric restriction of Hj^ such that ^„(5yt) = Nj^. Let now = 0=^, 
= ®H^, 5 = 05yt. Then the eigensubspace J^f^ of Hq corresponding to the 

eigenvalue e° = 1/2 is the closed linear span of (e^^^), k = 0,l,..., and ^zq{S) is 

the closed linear span of (4'^^ + {k+ l)aW), = 0, 1, .... We can choose ^ := 
7(zo) =L = I where / is the identical embedding of into J^. It is clear, that the 
image of P^L is the set M of all vectors x from having the form x = ^k^Q^^ 
where L{k+lf\h\^ < Obviously, M is dense in but M ^ J^^, hence M 
is not closed. 



Proof of theorem 14.71 The equivalence (1) -v^ (2) follows from theorem [X2l and 
the equivalence (3) <(=^ (4) is trivial. 

Let us prove the implication (1) ^ (3). Choose G y{e^) such that Q{z) - 
A has a bounded inverse for all z G {e^} and for z G ^ \ {e*^} consider the 
mapping T{z) = {z- e°) - A) . Note that 

• T has an analytic continuation to e*^ by setting r(£^) = —\£'^ — zq\^L*P^L, 
see Eq. (l44l) . and 

• T has a bounded inverse in \ {e*^}. 

Since the operator L*PqL has the closed range, we can apply a result of Kato ( [87] , 
Sections VII. 1 .3 and VII.3. 1). According the mentioned result, there is a mapping 
y, y G K((^; ^), such that the operator V{z)T{z)V^'^{z) has the diagonal matrix 
representation with respect to the decomposition ^ = © 



V-\z)T{z)V{z) 



fn{z) 

frr{z) 



(4.6) 
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Because the left-hand side of Eq. (14.61) has a bounded inverse for z G ^ \ {e^}, 
the same is true, in particular for the operator S{z) := (z — e^)^^f^r(z) = 
UrV^^z) [Q{z) - A]V{z)TIr considered in the space 
Our next aim to prove that 

\\S-\z)\\<c\z-eX' (4.7) 

with a constant c > for all z in a punctured neighborhood of For this purpose 
we consider together with the decomposition ^ = © of the space ^, the 
decomposition ^ = where J^i = J^^, J^r = {I-P^)J^^. In virtue 

of to the Krein resolvent formula (13.11) . 

(z - e«)i?A(z) = {z- e')R'{z) -{z- e'?y{z)T-\z)f{z) 

= {z~e')R\z)-{z~e^f[y{z)V{z)]V-\z)T-\z)V{zmm{i)Y- 

Represent the operator 7(z)V(z) according to the above mentioned representations 
of and ^ in the matrix form: 



y{z)y{z) 



yn{z) rir(z) 

Jrliz) yrr{z) 



(4.8) 



Since {z~ £^)Ra{z) and (z — e^)i?^(z) are analytic functions in a neighborhood of 
e°, all the matrix term in [y{z)V{z)]V^^{z)T^\z)V{z) [y{z)V{z)Y are also analytic 
in the same neighborhood. In particular, we can chose & in such a way that the 
function 



Z 



{z-£')\%x{z)f{,\z)Uz)+%r{z)f-\z)Uz)) 



is analytic in i^. Since 7'ii(e*^) = — |zo — e*^pL*/'*^L has a bounded inverse in ^i, 
the function f^^^{z) is analytic in a neighborhood of e^. Therefore, we can chose 
such that (z - £^fyrr{z)f-^ {z)Trr{z) is analytic in ff. Further fnie^) = 7r(e°) . 
In virtue of Lemma l4.4l and definition of the F-field, we can find a constant c' > 
such that ||7r(e^)^|| > for all g G Therefore we can chose so small 
that ||7rr(z)^|| > c^ll^ll for all z G ^, g e with some c" > 0. Since y^^{z) is 
an isomorphism of ran7^(z) on we see that (z — e^)^r,.7^(z) is bounded in a 
neighborhood of e^. Hence, we obtain (14.71) in a punctured neighborhood of e^. 
By Theorem 3.13.3 from [76], S^^{z) has at point e*^ a pole of the order < 1. 
Therefore, (1) ^ (3) by Lemma |43I 

Now we prove (4) =^ (2). Choose G y(e°) such that Q{z) - A has no 
spectrum in ^ \ {g^}. Moreover, we can use again the representation (14.61) . Since 
y(z) = / + 0(z-e^), the function 5(z) := n,y-i(z)n,[2(z) -A]n,y(z)n, has 
an analytic continuation at with the value ^(e^) = 2, (e^) — A^. To proceed 
further, we need the following auxiliary result. 
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Lemma 4.10. The operator S'{e^) is strictly positive on ker[2^(e^) — A^]. 

Proof of lemmalOOl Since V^^{x) = V* (x) for ;c G ^ n M, for the derivative of 
S one has: 



5'(e0) =n,(yO*(e°)n,[e(eO) -A]n, 

+ n,[e(eO) - A]n,v'(eO)n, + n,2'(eO)n, 



(4.9) 



(note that n^2(e°) and Q{£^)Ur are vv'ell defined). Let now e ker[2,.(e°) - A^]. 
Then we have from gj) that ((^)|5'(eO)0) = ((^|2'(eO)(^)). Since S'{£^) is a self- 
adjoint operator, we have that S'{£^)^ = Q'{e^)(^ on ker [Qr{£^) — A^]. Therefore, 
by Lemma 113] and (|L22al) . 



y(e°)0 = f^{e^)yr{e^)(^ for all ^ e ker [2,(e'^) - A, 
hence 5'(e^) is strictly positive on ker[2^(e^) — A^]. 



(4.10) 

□ 



To prove the required implication (4) =^ (2), it is now sufficient to show that 
S{z) has a bounded inverse in a punctured neighborhood of e°. Since S{z) is 
analytic, it suffice to prove that the operator J{z) :— S{£^) + S'{£^) {z — £^) has a 
bounded inverse in a punctured neighborhood of e° with the estimate ||7(z)^^ | 
c\z — e^l^^ For this purpose we represent 5'(e*^) in the matrix form 



< 



5'(e0) 



v./ r./ 

^22 ^23 



s' 



S' 



33. 



according to the representation = ^2 ©^3- Then J has the matrix representation 



'So + {z-£^)S'^ 



iz- 



22 



32 



iz- 



23 



33-. 



where 5*0 := '^'(e^). By the assumption of item (4), Sq has a bounded inverse in 
^^2> and by (14.101) the operator has a bounded inverse in ^^3. Now we use the 
Frobenius formula for the inverse of a block-matrix [78]: 



All An 

All A22^ 

[All -Ai2A-U2i]-i Ai-/Ai2[A2iA-/Ai2-A22]-1' 
lA2iAr/Ai2 -A22]-U2iA-/ [A22 -A2iA-/Ai2]-i 



(4.11) 



which is valid if all the inverse matrices on the right-hand side exist. Using (14.111) 
it is easy to see that J~^{z) exists for all z in a punctured neighborhood of e° and 
obeys the estimate ||7(z)~^|| <c|z — £*^|^^ withsomec>0. Thus, the implication 
(4) =^ (2) and, hence, the equivalence of all the items (1) - (4) are proven. 
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Now suppose that the conditions of items (1) - (4) are satisfied. To determine 
the eigenspace we find the orthoprojector on this space calculating the 
residue of the resolvent, P^ = -Res [Ra{z) : z = e°] = P*^ + Res [M{z) : z = Co], 
where 

M{z) ■.= y{zmz)-A]-'f{z). 

Using the conditions of item (4), we find e ^(e") and V G K(^,^) such that 
for z in ^\{£0} 



V-\z)mz)-A]Viz) 



Siiz) 
S,.{z) 



according to the decomposition ^ = © where Si and Sr have the following 
properties: Sr is analytic in ^ with 5', (e*^) = 2r(e*^) — A,- and 



Siiz) 



IcO , I 

|e -zo\ 



L*P^L 



+ Fi (z) , where F\ is analytic in 



(4.12) 



Using Lemma |4.10[ we find a function V7 G K( 



such that for z in ^ \ 



{e"} one has 



W-\z)Sr{z)W{z) 



Siiz) 
S3(z) 

according to the decomposition = ^2 ©^3 where ^2 and 53 have the properties: 



ker 52(e^) = and S2{e^)^ = [Qr{£^) - Ar]0 for ^ G ^2, 



(4.13) 



53 is analytic in ^ and has the form 53(z) = (z — e*^)r(z) where ,^ 
Tq := r(e^) is a strictly positive operator in ^3. 



Denote now 



U(z):=V(z) 



h 

W(z) 



where the matrices are decomposed according to the representation ^ = ^1 © 
'^r and /i is the identity operator on ^1. Further, denote Q{z) = U^^{z)[Q{z) — 
Apiz), fiz) = riz)Uiz),thenM{z) = f{z)Q-^iz)f{z), and for z e ff\{£^} one 
has 




(z) J 

An important property of 7 we need is follows 



Q-\z) 



Si\z) 

''2 



S,\z) 



Kz) 



Z-£ 



'^P'LU{z) + {I-P')Y{z)U{z). 



(4.15) 
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and (/-/'")7is analytic in G. RepresentM as the sumM(z) =Ai(z) +A2(z) + 
A^iz), where Aj(z) = 7(z)nj5j^ (2)11^7* (z); here Ily denote the orthoprojectors 
of^onto^^-, j = 1,2,3. 

It is clear from (I4.12I) - (I4.15I) that at the point z = the function Aj{z) has a 
pole at most of j-th order. Let 

Aj{z) = aJ-^) - £») j +A^f'^'^ {z - £«) + 

be the Laurent expansion for Ay at the point e^. According to the definition of 
Aj{z) and formulas (|4.12I) - (I4.15I) we have 

a(-^) = CjBjq , a(-^+i) = CjBjD* ^D,Bf)+qB'f) , 

where 

C, = (zo-e°)/'°m;, Bi = |eO-zor'(niLVOLni)-i, 

B2 = (n25(e0)n2)-\ 53 = (ngrong)-!, 

and Cj, are some bounded operators (we need no concrete form of them). 
By definition of the spaces ^j, we have TljL*P^LYlj = for j = 2,3, and hence, 
P^LIlj — for the same /s. As a result we have that A2(z) has no pole at z = e^, 
i.e., 

Res[A2(z) : z = e°] =0, (4.16) 

and A-i{z) has at this point a pole at least of first order. Using (|4.15l) and taking 
into consideration P^LTij, = 0, we obtain 

Res[A3(z) : z = eO] ^: P3 = {I - P')r{e')n3T-'nsne^)iI - P"^) 

= r.(e«)n3ro-in37;(e°). 

Now we have according to (14.121) and (14.151) 

Res[Ai(z) : z = e°] =: -Pi = -P^Lni{niL*P^Lni)^niL*P^ . (4.18) 

As a resuk, we have from (06l) . (14371) . and (HTTSl) = - Pi +^3. 

Eq. (14.181) shows that Pi is an orthoprojector with ranPi C ranP^. Therefore, 
P'^ — Pi is an orthoprojector on a subspace of J^'^. Eq. (14.171) shows that ranP^ C 
ran(/ - P^), therefore (P° - Pi)P3 = 0. Since ^3 is self-adjoint, P^iP^ -P^)=0. 
Using (P^)^ = P^ we see that P^ = P^, hence ^3 is an orthoprojector and ^3 ± P^. 

By Lemma ilD ran{P'^ - Pi) = n dom//A = The relation ranP3 = 

7^(e°)ker [2^(e°) -A^] = follows from (14.171) and the definition of ^3. 
Theorem 1^771 is proved. □ 
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